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ABSTRACT
Due to the rapid development of computing machines in terms of micro-architectural designs, mil-
lions of transistors are involved per chip, which leads to complex digital circuit design andmeets the
demands of more computational power. It indicates that a single transistor’s size is advancing at the
atomic scale in future computing technologies. The gain of loss-less bit information in reversible
logic computation is highly acceptable in modern computing devices. Therefore, motivated by
these, researchers have explored the reversible logic concept for applying newer technologies such
as quantum computing, optical computing, nanotechnology, DNA computing, digital communica-
tion systems, low-power CMOS design, etc. In the current literature, numerous developments on
synthesis and optimization in reversible circuits have been proposed. Simultaneously, in order to
observe the correct behavior of reversible circuits in terms of performing the correct functionality
and integrity performance, testing plays an important role. In this article, we consider a fault model
labeled the Mixed Control Flipping Fault (MixCFF) model that is applied in the reversible circuit,
which is also relevant to thequantumcircuits for representing the faults. Theproposedworkpresents
an automatic test pattern generation (ATPG) algorithm to detect the MixCFF. The proposed MixCFF
model enables the correlation between the existing fault models in the reversible circuit, which are
also presented in the proposedwork. Experimental results are evaluated based on theMixCFF detec-
tion and the MixCFF fault coverage range with the help of different benchmark circuits using the
suggested ATPG algorithm.
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1. INTRODUCTION

The modern digital system comprises a complex digi-
tal circuit due to the rapid progress of the fabrication
technology and more digital components are included
onto the silicon chip. According to Moore’s law [1], the
density of the integrated structure of the circuit expo-
nentially improves, i.e. the number of transistors dou-
bles every 18 months. The truth of Moore’s law still
exists in modern semiconductor electronic technologies.
Due to the newly improved fabrication process, modern
electronic devices can shrink transistor dimensions and
increase the computational speed. As a result, the digital
circuit leads to a complex design with smaller intercon-
nection features that cause high power dissipation and
increase the probability of error rate in the circuit. More-
over, the computation cannot be reverted in conventional
logic circuits, i.e. the input information of the irreversible
gate is lost or erased when the gate operation is exe-
cuted [6]. Therefore, the operation of the conventional
logic computation is in an irreversible manner, where the
output is not uniquely retrieved from the inputs [42].

In classical OR gate operation, the input logic values are
only uniquely retrievable when the output is produced
with logic value 0. However, the input values of an OR
gate operation are not determined when the output logic
values 1. More precisely, conventional logic computing
follows logical irreversibility such that the previous com-
putation state is not guaranteed to reconstruct the current
state. The logically irreversible gate operation dissipates
some energy during the computation because of the one-
bit information loss or erase. In 1961, Rolf Landauer [3]
postulated that logical irreversibility is associated with
physical irreversibility that requires minimal heat gener-
ation per machine cycle and kT ≈ 3× 10−21 amount of
energy is needed for each irreversible function, where k
is the Boltzmann’s constant and T is the absolute tem-
perature of the system in degrees Kelvin. The required
amount of energy dissipation kT is distributed for stan-
dardizing signals of the system and these signals are
independent of their exact logical history [6]. Therefore,
when the logically irreversible operations are performed
in a physical device, every one-bit of information is lost
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during computation, which leads to dissipating at least
kTln2 Joules of energy and generates a corresponding
amount of entropy [2,43].

Reversible logic computing is defined in contrast to clas-
sical logic computing in that the mapping from one state
to its successor must be one-to-one. In general, reversible
logic computation uses operations that are easily and pre-
cisely reversible or undone to carry out the computation.
To satisfy the reversibility of the reversible logic compu-
tation in any deterministic device, the reversible func-
tion is executed where n-input and n-output are bijec-
tive transformations from each other. Then, it is called
logical reversibility, which ensures the loss-less infor-
mation during computation. In another way, physical
reversibility exists when the device is capable of run-
ning backward to forward propagation, which leads to
energy efficiency due to the generation of less amount
of new physical entropy. In 1973, C. H. Bennett [4]
showed that reversible logic computation can reduce or
minimize power dissipation when the technologies are
accurately implemented by the reversible logic opera-
tion. Therefore, the researchers are motivated to explore
reversible logic design to effectively utilize reversible logic
in current CMOS technology. Moreover, the implemen-
tation framework of the newer technologies such as the
trapped-ion technology [5], quantum computing [6,7],
DNA computing [8,9], optical computing [10], etc., are
used the concept of reversible computation.

A reversible logic function is computed by the reversible
operations and the execution of these operations is per-
formed by the set of reversible gates. A circuit is said to
be reversible if it is designed and implemented only by
the reversible gates [11]. The properties of the reversible
circuit allow the realization ofn-input and n-output func-
tions, where each input generates a unique output and
vice versa. These properties are included (i) the input of
the reversible circuit always produces the unique output
and the output of the circuit is also capable of retriev-
ing its corresponding input (ii) the number of inputs
is equal to the number of outputs, (iii) the circuit is
free from the fanout and feedback connections [6]. The
synthesis of the reversible circuit depends on the var-
ious reversible gate libraries, where some of the gate
libraries are commonly used, like NOT-CNOT-Toffoli
(NCT), NOT-CNOT-Toffoli-Fredkin (NCTF), Multiple
Controlled Toffoli (MCT) or k-CNOT andMultiple Con-
trolled Fredkin (MCF). The optimal design and efficient
synthesis process of the reversible circuit are the challeng-
ing tasks for evaluating various performance parameters
such as gate count, quantum cost, garbage outputs and
ancilla inputs [12]. As a result, various approaches for

the synthesis [11,13,14] and optimization [15,16] of the
reversible circuits have been introduced.

Owing to the swift advancement in synthesizing and
optimizing reversible circuits, accuracy in functional-
ity behavior and integrity performance are also crucial.
Any type of defect in a circuit caused by physical dis-
turbances in manual design and environmental factors
[17] is referred to as a fault and might result in incor-
rect functional behavior of the circuit. For this purpose,
there is a need to represent an abstract model that is
capable of modeling many different physical faults that
occur in the circuit [18]. In the circuit testing domain,
an abstract model applied to represent the physical faults
is called a logical fault model, which helps reduce the
complexity of fault analysis and is also applicable for
technology independent [18]. For this reason, conven-
tional and reversible fault models such as stuck-at fault
[19,20], bridging fault [20,21] and cell fault [19] have
been used to detect defects. In addition to these clas-
sic fault models, some fault models [5,22,23] have been
studied specifically for reversible circuits.

In this context, testing is a process that examines circuits
in order to identify erroneous functioning and also ana-
lyzes the circuits to obtain the desired performance. In
common, the circuit preparation for the testing process
includes two stages: fault detection and fault localization.
The fault detection stage is dependable for identifying the
faults within the circuit, and the fault localization stage
evaluates the precise location of these faults. The testing is
performed on the circuit using two different approaches:
online and offline. An online testing is defined in the cir-
cuit when the fault(s) is recognized during the circuit’s
operation. In contrast, offline testing is executed by apply-
ing the sequence of inputs and observing the sequence of
outputs to distinguish the fault-free and faulty circuits.
In offline testing, the sequence of inputs is applied to
detect the faults represented as input test vectors, and
the formulation of several test vectors is denoted as a
test set. When the circuit is under offline testability, the
test set is called a complete test set if it successfully dis-
tinguishes all the occurrence faults; it is referred to as a
minimal complete test set if it has a minimal number of
test vectors. The perfection of the fault analysis for a given
fault model in the circuits depends on generating an effi-
cient complete test set that is relatively straightforward in
reversible circuits compared to the conventional circuits
due to reversible properties controllability and observ-
ability [19]. However, testing a reversible circuit can be
challenging in achieving quality performance measures,
like complete test set size, number of inputs, number
of gates, execution time, fault coverage range, and the
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correlation of other fault models. Thus, various method-
ologies in offline testing of the reversible circuits have
been presented in the current literature; some of these
approaches are based on the deterministic and random-
ized algorithms [5,19,24,25,26,27], while other belongs to
the design for testability (DFT) [28,29].

In this article, we look at a complete test set generation
problem in order to find theMixed control flipping faults
(MixCFF) under the control flipping fault model (CFF)
in the mixed-controlled based k-CNOT circuits. To solve
this problem, we develop an ATPG algorithm that gener-
ates a complete test set. This test set detects the MixCFFs
inmixed-controlled based k-CNOTcircuits. In thiswork,
we compare the fault coverage range of the generated
test set of the proposed method with other types of fault
models such as single missing gate fault (SMGF), multi-
plemissing gate fault (MMGF), repeated-gate fault (RGF)
and partial missing gate fault (PMGF) in the reversible
circuit.

The specific contributions of this work are as follows:

(1) The complete test set is constructed using an ATPG
algorithm for identifying theMixCFFs in themixed-
controlled based k-CNOT circuits.

(2) The fault coverage range with other fault models is
determined by the complete test set for MixCFFs.

The remaining parts of the article are organized as fol-
lows. Section 2 presents the basic fundamentals related to
reversible circuits and a short overview of the fault mod-
els. The discussion of the existing works for testing in
reversible circuits is also discussed in this section. Section
3 provides a brief introduction to theMixCFFmodel. The
proposed methodology for generating the complete test
set for detecting the MixCFFs and also addressing the
correlation between the MixCFF and existing fault mod-
els are explained in Section 4. In Section 5, demonstrates
the experimental results based on the various benchmark
circuits. Finally, the conclusion of the article is reported
in Section 6.

2. PRELIMINARIES

2.1 Reversible Logic Function and Reversible
Gates

A function f(x1, x2, . . . , xn) that contains n Boolean vari-
ables is considered a reversible logic function if the func-
tion f realizes both injective (one-to-one) and surjective
(onto) functions. More precisely, the function f : B

n ⇒
B
m permits a permutation over the set of input vectors

Table 1: Illustration of 3-input, 3-output Reversible
function f
Inputs Outputs

I1 I2 I3 O1 O2 O3

0 0 0 0 0 0
0 0 1 0 0 1
0 1 0 0 1 1
0 1 1 0 1 0
1 0 0 1 0 0
1 0 1 1 0 1
1 1 0 1 1 1
1 1 1 1 1 0

I = I1, I2, . . . , In and the set of output vectors O = O1,
O2, . . . , Om in such a way that one-to-one and onto map-
ping are established between input and output vectors,
and the number of input and output vectors of the func-
tion f is equal (i.e. n = m). These above two properties
allow tomake a function f to be reversible. The reversible
function f is demonstrated with the help of Table 1. Here,
f is 3-input, 3-output reversible function that is defined
(I1, I2, I3)⇒ (O1, O2, O3), where O1 = I1, O2 = I2 and
O3 = I2 ⊕ I3. Thus, the reversible function f satisfies an
equal number of input and output vectors. Also, Table 2
shows the input-outputmappings are (000⇒ 000, 001⇒
001, 010⇒ 011, 011⇒ 010, 100⇒ 100, 101⇒ 101, 110
⇒ 111, 111⇒ 110). It indicates that one-to-one and onto
mappings are established from the input vectors to their
corresponding output vectors in reversible function f.

To realize the reversible function, the reversible circuit is
used that is comprised of the linear cascade of reversible
gates. In general, the structure of a reversible gate consists
of k-inputs and k-outputs, which is denoted by the k× k
reversible gate [12]. The reversible gate follows the two
properties to ensure the characteristics of the reversible
function, which are (i) function/mapping is bijective and
(ii) inputs and outputs are equal. In the current litera-
ture, several reversible gates are introduced, but we focus
only on those relevant to these proposedworks, which are
explained below.

(i) The NOT gate of the conventional circuit is only
the reversible gate that satisfies the reversible logic
function. Similar to the conventional NOT gate is
formulated with 1-input and 1-output (1× 1). In
Figure 1 (a), the input is defined as I = I1 and the
output is defined as O = O1, where O1 = I1 ⊕ 1.

(ii) The CNOT (Controlled-NOT) gate is also called as
Feynman gate [7] and it is formulated with 2-inputs
and 2-outputs (2× 2). Here, the input I = I1, I2
represents the output O = O1, O2, where O1 = I1
and O2 = I1 ⊕ I2, as shown in Figure 1 (b). The
input I1 is connected to positive control connection
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Figure 1: Structure and Gate operation of classical reversible
gates: (a) NOT gate [48] (b) CNOT gate [48] (c) Toffoli gate [48] (d)
k-CNOT gate [48] (e) Mixed-polarity based k-CNOT gate

(•) and the input I2 is connected to target connec-
tion (⊕). The input I1 remains unchanged at output
O1 and the output vector O2 of the target connec-
tion is the complement form of the input vector I2,
when only the first input vector is assigned as logic
value 1.

(iii) TheToffoli gate is a 3× 3 gate and it is also known as
Controlled-Controlled-NOT gate or 2-CNOT gate
[6,23,30,32,45,46]. The Toffoli gate is formulated
with 3-input and 3-output, where two input lines
are control lines and one is a target line. The output
of the control lines remains unchanged from their
corresponding input of the control lines after the
Toffoli gate operation. The output of the target line
is only inverted based on the corresponding input
of the target line when both inputs of the control
lines are logic value 1; otherwise, the target out-
put remains unchanged from their corresponding
input. The Toffoli gate maps (I1, I2, I3)→ (I1, I2,
I1.I2 ⊕ I3), which is the bijective function. Figure 1
(c) illustrates inputs (I1, I2, I3) are mapping to the
outputs (O1, O2, O3), where O1 = I1, O2 = I2 and
O3 = I1.I2 ⊕ I3.

(iv) A k-CNOT gate is a (k+ 1)× (k+ 1) gate, where
k denotes as control inputs c1, c2, . . . , ck and t
is a target input [5,47]. The k-CNOT gate is for-
mulated by (k+ 1)-input and (k+ 1)-output [22],
where the output of the k control lines prop-
agates the same respective input of the k con-
trol lines and output of target t at the (k+ 1)th

line inverts if and only if all the k control inputs
are assigned by logic value 1. The k-CNOT gate
maps (c1, c2, . . . , ck, t) → (c1, c2, . . . , ck, t ⊕
(c1.c2 . . . ck)). Figure 1 (d) is demonstrated as map-
ping inputs (I1, I2, . . . , Ik, Ik + 1) to outputs (O1,
O2, . . . , Ok, Ok + 1), where O1 = I1, O2 = I2, . . . ,
Ok = Ik, Ok + 1 = (I1.I2. . . . .Ik) ⊕ Ik+1. Based on
the k-CNOT gate structure, it is also comprised of
mixed polarity-based positive/negative (•/◦) con-
trol lines and a target line t. Suppose, k control
inputs c1, c2, . . . , ck and t is a target input that lie
on a (k+ 1)th line, where c1, c2, . . . , ck c2 are con-
nected to the positive (•) control lines and c2 is the
negative (◦) control line. In this case, the mixed
polarity based k-CNOT gate maps (c1, c2, . . . , ck,
t) → (c1, c2, . . . , ck, t ⊕ (c1.c2 . . . ck)). The input
and output of the k control lines remain unchanged.
The output of the target line t is inverted if and
only if all the positive (•) and negative (◦) con-
trol input lines are assigned by the logic value
1 and 0, respectively; otherwise, the target out-
put remains unchanged of their corresponding
target input. Figure 1 (e) illustrates as mapping
inputs (I1, I2, . . . , Ik, Ik + 1) to outputs (O1, O2, . . . ,
Ok, Ok + 1), where O1 = I1, O2 = I2, . . . , Ok = Ik,
Ok + 1 = (I1.I´2. . . .Ik) ⊕ Ik + 1.

2.2 Structure of Reversible Circuits

A reversible circuit is a cascade structure of the reversible
gates G1, G2, . . . , GN , where N is the total number of
gates. The output of the gate Gi, for 1 ≤ i ≤ N, behaves
as an input of the gate Gi + 1 and the operations of the
gate Gi + 1 is completed only after the operations of the
gate Gi . Therefore, the logical design of the reversible
circuit does not permits the fan-out and feedback con-
nections [6]. The efficient synthesis of the reversible cir-
cuit reduces the complexity measure that can be gained
by the minimum number of gates used (i.e., minimum
gate count), minimum number of unused outputs (i.e.,
garbage output), and also minimum delay. Several gate
libraries are used to formulate the reversible circuit,
where NCT (NOT, CNOT, Toffoli) [30], GT (Generalized
Toffoli) [30,31] and NCTF (NOT, CNOT, Toffoli, Fred-
kin) [31] libraries. The structure and the gate operations
of the NCT and GT library based reversible circuits are
shown in Figure 2 (a) and (b), respectively.

2.3 Fault Model

Similar to conventional logic circuits, several fault mod-
els are applied to reversible logic circuits to perform the
testing process for analyzing the faults. A fault model



M. HANDIQUE AND A. PRASAD: LOGICAL FAULT DETECTION APPROACH 5

Figure 2: Reversible circuit: (a) NCT based library (b) GT based
library

is defined by the mathematical model, and it represents
the abstract level of physical imperfections in the cir-
cuit. These abstract levels of physical imperfections are
mathematically modeled by the different categories, such
as structural, behavioral, functional, and geometric [17].
Therefore, a fault model determines the accurate inter-
pretation of the faults that occur in the circuit. Moreover,
the number of input lines and gate count are associated
with the area/size of the circuit design and are measures
of the circuit complexity [44]. The time complexity for
testing in terms of generating the test patterns to detect
the faults depends on the circuit design. In this con-
nection, a fault model relates to the circuit design that
describes the various fault possibilities that occur during
the operation or manufacturing of the circuit. Hence, the
complexity of generating test patterns for detecting faults
is reduced by applying the faultmodel [23]. In the context
of the reversible circuit, most of the existing fault mod-
els are related to the gate level and gate interconnections,
which are covered by the structural fault model. The pro-
posed work in this article discusses explicitly theMixCFF
model in reversible circuits, which is also considered the
structural fault model. In Section 3, the detailed structure
and occurrence of the MixCFFs are explained.

2.4 RelatedWork

The correctness and integrity performance of the tradi-
tional circuit and the reversible circuit are evaluated by
the testing approaches, like offline and online testing. In
this section,we focus only on offline testing approaches of

reversible circuits that are relevant to our work. In 2011,
the authors in [32] proposed a testable design approach
for k-CNOT circuits, in which the copy of each gate
is included in the design and only one additional con-
trol line is added to create the universal test set(UTS).
The generated UTS of size (n+ 1) for the n number of
input lines is ability to identify all the SMGFs, detectable
RGFs and PMGFs. In addition, one test vector of the
UTS is applied to determine the fault location of the
SMGF model. In 2012, Zamani et al. [24] proposed a
compact test generation method that achieves 100% fault
coverage for SMGF and RGF in reversible circuits. The
proposedmethod is implemented by the Circuit Self-Test
Path (CSTP) that is applied to reversible circuits, where
generated outputs are used as the inputs of the circuit to
produce the test vector with limited test cycles for the
purpose of fault coverage. In 2013, the authors in [33]
proposed a fault ordering scheme for ATPG of reversible
circuits. The proposed fault ordering scheme is catego-
rized as the “easy” and “hard” faults, which depend on
the number of control lines in a gate with the faults,
like a single missing control fault (SMCF) and SMGF in
a given reversible circuit. The proposed fault ordering
scheme showed that the size of the test set is reduced by
up to 65%while considering the “hardness” of a fault that
is achieved by targeting the fault of a gate containing a
large number of control lines. In 2014, a Boolean differ-
ence method to generate the test set has been proposed
by author in [25] for identifying the SMGF in k-CNOT
circuits. In 2015, the authors in [34] proposed a DFT
technique for the reversible circuits to detect all possi-
ble detectable missing gate faults in k-CNOT circuits.
The proposed DFT is designed with the help of Fred-
kin gates using the bit-swapping concept. The generated
universal test set size (n+ k+ 2) from the DFT could
detect all the missing gate faults that occurred in the
original circuit, where n is the input lines and k is a max-
imum number of control connections in k-CNOT gates.
In 2016, the authors in [35] proposed a fault detection
scheme for detecting the SMGF and PMGF containing
wholly positive or negative or mixed controlled k-CNOT
gates. In 2017, the authors in [36] introduced an ATPG
approach to generate SMGFs, initially stored in a BDD
(Binary Decision Diagram), and to test for two consec-
utive missing gate failures (MMGFs) by generating test
patterns using two gates dependency analysis. In 2018,
the authors in [37] proposed a heuristic test generation
method based on the genetic algorithm for identifying
the various types of faults, like SMGF, PMGF, stuck-at
and bridging faults in reversible circuits. The proposed
heuristic method involves two approaches: one is con-
sidered the random search, and the second is based on
the direct search for selecting the needful test vectors
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to escape an exhaustive search for the selection of test
vectors. In 2019, in a paper [21], the authors proposed
an ATPG method that uses the path level expression
defined by the circuit structure of the k-CNOT circuit
to define the minimum complete test set that can be
used to detect the complete bridging types with a fault
coverage of 100%. In 2020, the authors in [27] investi-
gated a scheme to detect and localize the SMGF, PMGF,
and MMGF in k-CNOT circuits. The proposed scheme
is deployed to compute the test vectors initially. Next, a
unique test set is generated by applying the Boolean dif-
ference method. The generated unique test set is applied
to detect and locate the faults. In 2021, the authors in [38]
proposed a DFT technique to detect the SMGF, PMGF,
andMMGF in reversible circuits, where the different sets
are formulated based on the cluster of gates. Each pre-
pared cluster of gates connects to an additional input line
that acts as an extra control connection to the respective
gates. Now, the test set is generated using the fault detec-
tion technique of the SMGF and PMGF and applied to
the DFT circuit to detect the faults. In 2023, the authors
in [39] introduced a testable design approach for diag-
nosing the positive control flipping faults (PCFFs) using a
k-CNOT circuit. The testable design approach proposed
by [39] showed that only one test vector can detect all
the potential PCFFs in the k-CNOT circuits. The parity
bit operation is additionally extended to the tested design
circuit to determine the location of the faulty gate.

Based on the above literature review, we can observe
that the offline testing of reversible circuits to determine
the faults is carried out using various techniques such
as heuristic testing, deterministic testing, and DFT. The
main challenging tasks of the offline testing approaches
are generating efficient test vectors, optimal solutions,
less computation costs, and low circuitry overhead costs.
The heuristic approaches have been targeted to create an
efficient test set for determining the detection of faults
but do not provide any assurance for the optimal solu-
tion. In the deterministic approach, theminimal solution
is achieved for generating the complete test set with the
expansive computation costs for the large circuits. In
contrast, the DFT approaches are expansive due to the
additional overhead cost of circuitry. The generation of
the mixed test set capable of covering a maximum num-
ber of faults under the different fault models in reversible
circuits is limited.

The study of the proposed work elaborates on the Mix-
CFF model in mixed-controlled based k-CNOT circuits.
The proposed work establishes the correlation between
the MixCFF and existing fault models in terms of fault
coverage range by applying the generated complete test

set for MixCFF. In this work, we propose an ATPG
algorithm for generating the complete test set for the
MixCFF and verifying the connection with the existing
fault models in reversible circuits.

3. MIXED CONTROL FLIPPING FAULT (MIXCFF)
MODEL

As per our earlier discussion, the k-CNOT circuit is
constructed in the linear form of k-CNOT gates. The
k-CNOT gate operation is performed by the control con-
nection(s), unconnected connection(s) and the target
connection. The output of the control connection(s) and
unconnected connection(s) of the gate are propagated
the same as the input. The functional logic operation is
different in the output of the target connection, which
is dependent on the control connection(s) associated
with the target connection. Two types of control con-
nections are used in the mixed-polarity based k-CNOT
gate; one is represented as a positive control connection
(marked as •), and the other is defined as a negative
control connection (marked as ◦). The logical operation
for both (•/◦) the control connections are distinguished
in the target connection. The control connection may
be flipping from positive control to negative control or
vice versa due to the wrong interconnection within the
gate. It is also prescribed by the design fault from the
designer and considered a structural fault related to the
gate level interconnection. The control flipping occurs in
the form of different variants, such as positive to neg-
ative controls flipping and negative to positive controls
flipping, and both are present based onmixed-controlled
k-CNOT circuit structure. In this work, both the con-
trol flipping (i.e., positive to negative controls and vice
versa) are considered within the mixed-controlled based
k-CNOT circuit labeled as Mixed Control Flipping Fault
(MixCFF).

The mixed control flipping fault (MixCFF) model is con-
sidered when both positive and negative control connec-
tions are flipped to negative and positive control connec-
tions, respectively, as shown in Figure 3. It is noted that
the MixCFF occurs when the circuit contains both posi-
tive and negative control connections in k-CNOT gates.

Figure 3: Illustration of MixCFF in Toffloi gate
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Figure 4: Demonstration of (a) m-SCFF of MixCFF (b) m-MCFF of
MixCFF

The MixCFF is divided into two types-mixed single con-
trol flipping fault (m-SCFF) and mixed multiple control
flipping fault (m-MCFF). An m-SCFF occurs in a gate
when a single control connection is flipped either from
negative to positive or vice-versa, as shown in Figure 4
(a). In contrast, the m-MCFF defines when more than
one control connection is flipped either from a negative
to a positive control connection or vice-versa, as shown
in Figure 4 (b).

Example 3.1: In this example, we consider the reversible
circuit that contains mixed controlled connection(s) in
k-CNOT gates, as shown in Figure 5 (a). Let us consider
the initial input test vector <1110> at level L0 applies
to the fault-free circuit and the primary output would be

Figure 5: Demonstration of (a) the fault-free circuit (b) m-SCFF occurs at line I1of the gate g2 (c) m-MCFF occurs at both input lines I1
and I2 of the gate g2

<0011> at level L4, as shown in Figure 5 (a). In Figure 5
(b), the negative control connection flips to the positive
control connection at input line I1 of g2 gate, due to the
effect of m-SCFF. Therefore, the initial input test vector
<1110> produces the faulty primary output test vector
<0010> at level L4 instead of fault-free primary out-
put vector <0011> . Figure 5 (c) shows the m-MCFF
occurs at the control connections in the input lines I1
and I2 of the gate g2, where negative control connection
flips to the positive control connection at the input line I1
and positive control connection flips to the negative con-
trol connection at the input line I2. Due to the m-MCFF
effects, the faulty primary output test vector <0010> is
generated at level L4.

3.1 Generating the Total Number of MixCFFs

In this section, we provide a generalized formula to eval-
uate the total number of MixCFFs in a given k-CNOT

circuit. The formula is given as:
n−1∑

i=0
ki(2i − 1), where

0 ≤ i ≤ n−1, n represents the total number of input lines
in a given circuit and k represents gates having same
number of control connections. More precisely, ki refers
to the collective number of gates that are containing ith
number of control connection(s).

Example 3.2: Let us consider themixed controlled based
k-CNOT circuit having 4-input lines and 4 number of
gates, as shown in Figure 6. The total number of Mix-
CFFs is evaluated using the generalized formula as given
below. Here, n = 4, n-1 = 3, k0 = 0, k1 = 2, k2 = 0 and
k3 = 2, as per the given circuit, as depicted in Figure 6.
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Figure 6: Evaluating the total number of mixed controlled based
k-CNOT circuit

Therefore,

n−1∑

i=0
ki(2i − 1)

= k0(20 − 1)+ k1(21 − 1)+ k2(22 − 1)+ k3(23 − 1)
= 0× 1− 1)+ 2× (2− 1)+ 0× (4− 1)+ 2× (8− 1)
= 0+ 2+ 0+ 14
= 16

Hence, the total number of MixCFFs that can be gener-
ated in a given circuit is 16. It has been observed that the
total number of m-SCFF can be given by the total num-
ber of controls (•/◦) present in a given reversible circuit.
The total number of m-MCFF can be obtained by sub-
tracting total number of m-SCFF from the total number
of MixCFFs.

Table 2 illustrates the total number of m-SCFFs and
m-MCFFs are present in the mixed controlled based
k-CNOT circuits, which are calculated by the generalized
formula. Here, column 5 and column 6 are indicated the
total number positive and negative control connections
are involved, respectively, in various mixed controlled
based k-CNOT circuits. The last column 7 indicates the
total number of MixCFFs in a given circuit.

Lemma 3.1: The proposed generalized formula
n−1∑

i=0
ki

(2i − 1) is applied to evaluate the total number ofMixCFFs
in a mixed-control based k-CNOT circuit.

Proof. Let us consider a mixed-control based k-CNOT
reversible circuit, where all control connections are either
positive or negative, or both are mixed in k-CNOT gates.
Suppose the k-CNOT gate has only one control connec-
tion for the n number of input lines. In this case, a single
control connection flips from positive to negative or vice-
versa. Thus, the total number of MixCFF generates 1 in
a given k-CNOT gate. Therefore, if we consider “i” as the
total number of control connections per k-CNOT gate,
then the total number ofMixCFFs on each gate is given by

2i-1 for the input lines n. In the k-CNOT gate, the maxi-
mumnumber of control connections can occur as n-1 for
the n-input lines in the circuit. As a result, the total num-
ber ofMixCFFs in each type of k-CNOTgate based on the

ith control connection that is formulated as
n−1∑

i=0
(2i − 1).

Now, the ki indicates to the collective number of k-
CNOT gates that are containing ith number of control

connection(s), which can be expressed as
n−1∑

i=0
ki(2i − 1).

Hence, the generalized formula
n−1∑

i=0
ki(2i − 1) is capable

of evaluating the total number of MixCFFs in a given
mixed-control based k-CNOT circuit.

4. PROPOSEDMETHODOLOGY

This Section discusses the proposed method to deter-
mine the MixCFFs in the k-CNOT circuits. According
to theMixCFF, we consideredmixed controlled k-CNOT
circuits presenting both positive and negative control
connections. Here, we introduce the fault detection logic
to activate the MixCFF that is applied to the proposed
ATPG algorithm to obtain the complete test set. Finally,
the correlation between theMixCFFmodel and the exist-
ing fault models in reversible circuits is established. The
following definitions are presented that are used in the
complete test generation process.

Definition 4.1: A test pattern T = <b1b2 . . . bn > is
generated by the fault detection logic of MixCFF to
enable the fault(s) for each gate of the circuit using the
backpropagation of the gate operation. Here, each bit bi
∈ T represents the ith input line of the circuit, where bi ∈
0, 1, n is the total number of input lines for 1 ≤ i ≤ n of
the circuit.

Definition 4.2: The test set TSmcf is the complete test
set for detecting all the MixCFFs (both m-SCFF and
m-MCFF) in a given mixed-controlled based k-CNOT
circuit. Here, the test set TSmcf = TV1, TV2, . . . , TV l,
for 1 ≤ j ≤ l. Each test vector TVj = <b1j b2j . . . bnj > ,
where bij ∈ 0, 1 represents the ith bit position of the n
number of input lines associated with the jth test vector
TVj ∈ T Smcf .

4.1 Fault Detection Logic for MixCFF

The main objective of the fault detection logic for Mix-
CFF is to activate each mixed-polarity based k-CNOT
gate to evaluate the faults therein. As per our previous
discussion, the MixCFF occurs when the circuit con-
tains positive (•) and negative (◦) control connections
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Table 2: Evaluation of total number of MixCFFs in various benchmark reversible circuits

Benchmark circuit
No. of input
lines (n)

No. of
m-SCFFs

No. of
m-MCFFs

No. of positive control
connections are

flipping

No. of negative control
connections are

flipping
Total no. of
MixCFFs

2of5d4-n7-gc12-qc31 7 17 5 4 18 22
2of5d5-n7-gc11-qc32 7 17 5 5 17 22
2of5d6-n6-gc10-qc118 6 25 8 15 18 33
2of5d7-n6-gc9-qc268 6 28 49 42 35 77
mod 4mod5-n5-gc4-qc13 5 6 1 4 3 7
mod 5mod5-n6-gc7-qc429 6 35 68 57 46 103
rd53d1-n7-gc11-qc96 6 24 13 6 31 37
rd53d1-n7-gc12-qc82 7 24 23 1 46 47
symmetric 6-n7-gc14-qc1308 7 66 258 162 162 324
symmetric 6-n7-gc15-qc825 7 70 190 113 147 260

in k-CNOT gates. The test pattern T (as mentioned in
Definition 1) is generated using the fault detection logic
for MixCFF in the mixed-controlled based k-CNOT cir-
cuit. The fault detection logic for MixCFF is applied
for generating the test pattern T = <b1b2 . . . bn > . The
generated T = <b1b2 . . . bn > for each gate is per-
formed the backpropagation to extract the test vectorTVj
at the initial input level of the circuit. The fault detection
logic for MixCFF is that the positive control (•) connec-
tion is assigned by the logic value 1, the negative control
(◦) connection is assigned by the logic value 0, and the
target (⊕) connection and unconnected connection are
assigned by don’t-care (×). In our proposed method, we
consider the logic value 1 for the don’t-care (×) assign-
ment. The following definition is applied to the fault
detection logic for MixCFF in our proposed method.

Definition 4.3: The mixed-controlled based k-CNOT
circuit consists of N number of gates, where each gate gk
(for 1 ≤ k ≤ N) comprises of positive controlled (•) con-
nection(s), negative controlled (◦) connection(s), uncon-
nected connection(s) and one target connection (⊕),
which are associated with individual n number of input
lines.

The notation Ii ∼ Cgk indicates that the positive control
(•) connection of the kth gate is connected to the input
line Ii. Similarly, the notations Ij ∼ NCgk, Ik ∼ Ugk, Il ∼
tgk are used to describe the negative control (◦) connec-
tion, unconnected connection and target connection(⊕)
of the kth gate, which are connected to the input lines Ij,
Ik and Il, respectively.

Suppose, the structure of the gate gk defined as I1 ∼
Cgk, I2 ∼ Cgk, . . . , Ij ∼ Cgk, . . . , Ik ∼ NCgk, . . . , In−1
∼ Ugk, In ∼ tgk, as per the Definition 3. Now, the fault
detection logic for MixCFF is applied to input lines I1,
I2, . . . , Ij, . . . , Ik, . . . , In−1, In to obtain the test pattern
T = <b1b2 . . . bj . . . bk . . . bn−1bn > = <11 . . . 1 . . .
0 . . . 11> , where <b1b2 . . . bj > ∈ {1}, <bk > ∈ {0},

<bn−1bn > ∈ {1}. The fault detection logic for MixCFF
is illustrated with the help of an Example 3.

Example 4.1: The fault detection logic for MixCFF is
applied to the mixed-polarity based k-CNOT gate gk,
as shown in Figure 7 (a). The structure of the gk gate
represents all the control connection(s), negative con-
nection(s), unconnected connection(s) and the target
connection. Figure 7 (a) shows the all the connec-
tions of the gate gk, which is defined as I1 ∼ Cgk,
I2 ∼ NCgk, I3 ∼ NCgk, I4 ∼ Ugk, I5 ∼ tgk. Next,
we apply the fault detection logic to the input lines I1,
I2, I3, I4, I5 that is based on the structure of the gate
gk for obtaining the test pattern T = <b1b2b3b4b5 > ,
where <b1 > ∈ {1}, <b2b3 > ∈ {0}, <b4b5 > ∈ {1}.
After applying the fault detection logic, the test pat-
tern T = <10011> is generated. Now, the generated
test pattern T = <10011> back propagates toward
the input side to retrieve the initial input test vector
TVj = <10010> of gate gk, as illustrated in Figure 7
(a).However, the same test vectorTVi = <10010> that
extracts from the T = <10011> is applied to the faulty
k-CNOT gate, where an m-SCFF occurs at the input line
I1 due to a flipping from I1 ∼ Cgk to I1 ∼ NCgk, as shown
in Figure 7 (b). It is observed that the faulty k-CNOT gate
generates the faulty output vector <10010> instead of
the output vector <10011> of fault-free k-CNOT gate.
Figure 7 (c) shows the effect of an m-MCFF that occurs
at input line I1 and I2 due to the flipping from I1 ∼ Cgk

to I1 ∼ NCgk and I2 ∼ NCgk to I2 ∼ Cgk, respectively.
Due to the occurrence of the m-MCFF, the faulty out-
put vector <10010> is generated by applying the same
input test vector TVi = <10010> . Therefore, the gen-
erated T = <10011> by the rule of fault detection logic
for MixCFF can activate the faulty mixed-polarity based
k-CNOT gate.

4.2 Generation of Complete Test Set TSmcf for
MixCFF

This section describes the generation of the complete test
set TSmcf for the MixCFF in the mixed controlled based
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Figure 7: (a) Fault detection logic for MixCFF (b) Occurrence of
anm-SCFF (c) Occurrence of anm-MCFF

k-CNOT circuits. Here, we consider the constant input
and garbage output lines are assumed to be normal input
and output lines, respectively, for testing purposes only.
The construction of complete test set TSmcf for MixCFF
is presented in Algorithm 1.

Example 4.2: The mod_4mod5_n5_gc4_qc13 bench-
mark circuit is considered to explain the process flow of
Algorithm 1 for generating the complete test set TSmcf ,
which is shown in Figure 8. In Step 1, identifies the num-
ber of input lines n and gates N from a given reversible
circuit. In mod_4mod5_n5_gc4_qc13 circuit, n = 5 and
N = 4. In Step 2, each gate g1, g2, g3 and g4 are consid-
ered for generating the complete test set TSmcf . In Step
3 to Step 7, we are scanning all the input lines I1, I2, I3,
I4 and I5 of each gate gk (for 1 ≤ k ≤ 4) for applying the
fault detection logic. The fault detection logic forMixCFF
ensures that if the input line Ii of each gate gk is con-
nected to the positive control connection (i.e., Ii ∼ Cgk),
or unconnected control connection (i.e. Ii ∼ Ugk), or tar-
get connection (i.e. Ii ∼ tgk), then Ii is assigned by the bit
(bi) = 1, otherwise, for the negative control connection
(i.e., Ii ∼ NCgk), Ii is assigned by the bit (bi) = 0. In this
circuit, g1: I1 ∼ Cg1, I2 ∼ Ug1, I3 ∼ tg1, I4 ∼ Ug1, I5 ∼
Ug1 , g2: I1 ∼ Ug2, I2 ∼ Ug2, I3 ∼ NCg2, I4 ∼ NCg2, I5
∼ tg2 , g3: I1 ∼ Ug3, I2 ∼ Cg3, I3 ∼ NCg3, I4 ∼ Ug3, I5

∼ tg3 and g4: I1 ∼ Cg4, I2 ∼ Ug4, I3 ∼ tg4, I4 ∼ Ug5,
I5 ∼ Ug5 . In Step 8, the test pattern T = <11111> ,
T = <11001> , T = <11011> and T = <11111>

for the gate g1, g2, g3 and g4, respectively. In Step 9 to
Step 10, the generated test pattern T = <11111> is
applied to the gate g4 and back propagate to the initial
input level L0 of the circuit to extract the corresponding
test vectorTV4 = <11110> , as shown in Figure 8. Sim-
ilarly, the test pattern T = <11011> , T = <11001>

and T = <11111> are applied to the gate g3, g2
and g1, respectively, and obtained the corresponding
test vector TV3 = <11110> , TV2 = <11100> and
TV1 = <11011> at the input level L0 of the circuit
using the back propagation. In Step 11, remove the
duplicate test vector and construct the complete test set
TSmcf = 11110, 11100, 11011 for the mod_4mod5_n5_
gc4_qc13 circuit.

Lemma 4.1: The test set TSmcf is capable of detecting all
the MixCFFs in a given mixed-controlled based k-CNOT
reversible circuit.

Proof. Let us consider the mixed-controlled based
circuit comprises of g1, g1, . . . , gN , where gk (for
1 ≤ k ≤ N) formulates with I1 ∼ Cgk, I2 ∼ Cgk, . . . ,
Ij ∼ Cgk, . . . , Ik ∼ NCgk, . . . , In−1 ∼ Ugk, In ∼ tgk
. The fault detection logic for MixCFF is applied to
input lines I1, I2, . . . , Ij, . . . , Ik, . . . , In−1, In to obtain
the test pattern T = <b1b2 . . . bj . . . bk . . . bn−1 bn > ,
where bk = 0 that is associated with input line Ik.
At first, we consider that the gate gk is not affected
by the MixCFF, i.e., no fault (s) is occurred in the
gk gate. Now, the T = <b1 b2 . . . bj . . . bk . . . bn > is
applied to the gate gk and the input test vector
TVk = <b1b2 . . . bj . . . bk . . . bn−1(b1b2 . . . bj . . . b´k. . . ⊕
bn)> = <b1b2 . . . bj . . . bk . . . bn−1(1 ⊕ bn)> = <b1
b2 . . . bj . . . bk . . . b´n > is generated at the input level of
the gate gk with the help of back propagation. Thus,
the input test vector TVk = <b1 b2 . . . bj . . . bk . . . b´n >

generates the output vector < b1b2 . . . bj . . . bk . . . bn >

of the fault-free gate gk. In contrast, we assume that
the MixCFF occurs in gate gk (i.e., an m-SCFF or m-
MCFF) at line Ik, i.e. Ik is flipped negative to positive
control connection. If we apply the same test vector
TVk = <b1b2 . . . bj . . . bk . . . b´n > to the faulty gate gk,
the output vector < b1b2 . . . bj . . . bk . . . bn−1(b1b2 . . . bj
. . . bk . . . ⊕ b´n)> = <b1 b2 . . . bj . . . bk . . . bn−1(0 ⊕
b´n)
> = <b1b2 . . . bj . . . bk . . . b´n > . It is observed that the
faulty gate gk produces the output test vector < b1b2 . . .
bj . . . bk . . . b´n > instead of the output vector < b1 b2 . . .
bj . . . bk . . . bn > of the fault-free gate gk. The same
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Figure 8: Demonstration of Algorithm 1 for MixCFF with the help ofmod_4mod5_n5_gc4_qc13 circuit.
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test vector TVk generates the different outputs at the
primary-gate level for the fault-free and faulty condi-
tion, which is established by the controllability property
[19] of the reversible circuit. Hence, the test set TSmcf is
the complete test set for the MixCFFs in a given mixed-
controlled based k-CNOT circuit.

Algorithm 1: Complete Test set TSMCF Generation for MMGFs

Input:Mixed-controlled based k-CNOT reversible Circuit
n: Total number of input lines in a given circuit.
N: Total number of gates in a given circuit.
gk: kth number of gate.
Ii : ith number of input lines.
TVk : kth number of input test vector of gk gate.
L0: Initial input level of the circuit.
Cgk : Positive control connection in gk gate.
NCgk : Negative control connection in gk gate.
Ugk : Unconnected connection in gk gate.
tgk : Target control connection in gk gate.
Output: Complete test set TSmcf for all MixCFFs
1 Identify the parameters n and N from the circuit
2 for k← 1 to N do
3 for i← 1 to n do
4 if Input line Ii is connected Cgk or Ugk or tgk then
5 (bi)← logic value 1
6 if Input line Ii is connected NCgk then
7 (bi)← logic value 0
8 Construct test pattern T = (b1b2 . . . bn) for each gate gk .
9 Back propagate T for gk to extract the test vector TVk at level L0.
10 TSmcf ← TVk
11 Generate complete test set TSmcf

4.3 Correlation of MixCFF with the Existing Fault
Models in Reversible Circuits

In circuit testing, the correlation of one particular fault
model to the existing fault models is essential to evaluate
the fault detection performance efficiency. Moreover, it
is good practice to apply the generated complete test set
for one particular fault model to the other fault models
for checking the fault coverage range. The fault cover-
age range is defined by the ratio of the total number of
faults detected and the total number of faults that appear
in the circuit [17]. In this section, we correlate the Mix-
CFF fault model with existing fault models in reversible
circuits, like SMGF, MMGF and PMGF fault model to
establish the correlation and determine the fault coverage
range. The evaluation results of the fault coverage range
are presented in Section 5.

4.3.1 MixCFF and SMGF
The complete removal or disappearance of the single
reversible gate from the circuit causes the SMGF [5]. The
fault detection logic of the mixed controlled based k-
CNOT circuit is that the logic value 1 is allocated to the
positive control connection, logic value 0 is allocated to
the negative control connection and the arbitrary logic
value 0 or 1 (i.e. don’t-care condition) are assigned to

the unconnected and the target connections for activat-
ing the SMGF of a particular gate. In our proposed work,
the fault detection logic for MixCFF is the same for an
SMGF in the mixed controlled-based k-CNOT circuits.
Thus, the test set TSmcf for MixCFF is also a complete
test set for SMGF in a given circuit.

4.3.2 MixCFF andMMGF
An MMGF occurs when two or more consecutive num-
bers of k-CNOT gates disappear [5,22]. Based on the
property of MMGF, the SMGFs are a subset of the
MMGFs [5]. However, it is optional that the complete
test set for SMGF covers all the MMGFs [5]. We know
that the detection logic of MixCFF covers the SMGF
in the mixed-controlled k-CNOT circuits. This analogy
indicates that some test vectors TVi in TSmcf have the
capability to satisfy the fault detection criteria forMMGF.
There is a possibility that all the MMGFs are not covered
by the TSmcf .

4.3.3 MixCFF and PMGF
If any number of gate control disappears from the
kCNOT gate, it is referred to as a PMGF [5]. In themixed
control-based k-CNOT circuit, the logic value 0 and 1
are allocated to the missing positive and negative con-
trol connections, respectively; the unmissed positive and
negative control connections are assigned by the logic
value 1 and 0, respectively, and unconnected and target
connections are allocated by the don’t-care condition to
activate the PMGF fault in each k-CNOT gate. However,
the detection logic for theMixCFF in our proposed work
does not match the fault detection logic of the PMGF for
the missing control connections (positive or negative).
Therefore, the test vector TVi in TSmcf for the MixCFF
satisfies the fault detection logic for PMCFF in some of
the k-CNOT gates. As a result, the test set TSmcf has not
achieved 100% fault coverage in PMGF.

4.3.4 MixCFF and RGF
An RGF occurs when an unwanted occurrence of a gate
by several instantiations of the same gate [5,26,41]. The
authors in [5] provided the physical justification for an
RGF is the occurrence of long or duplicated pulses. The
properties of the RGF [5] ensure that the gate is replaced
by duplicate instances of k of the same gate, where the
occurrence of k is even or odd. If the occurrence of
instances k of the same gate is in even numbers, the effect
of both RGF and SMGF is similar in terms of test set
generation for detecting the faults. Thus, the generated
TSmcf for MixCFF that is applied for determining the
fault coverage of SMGFs in our proposed work is suf-
ficient for detecting all the detectable RGFs. In another
way, the occurrence of instances k of the same gate is in
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Table 3: Generation of complete test set TSmcf for detecting theMixCFFs with CPU time (sec)
Total no. of faults Total no. of faults Total no. of faults Size of TSmcf CPU time (sec)

Benchmark circuit n N m-SCFFs m-MCFFs (m-SCFFs+m-MCFFs) (m-SCFFs+m-MCFFs) TSmcf

mod 4mod5-n5-gc4-qc13 5 4 6 2 8 3 0.01562
mod 5mod5-n6-gc7-qc429 6 7 35 182 217 7 0.03124
2of5d7-n6-gc9-qc268 6 9 28 109 137 8 0.03652
2of5d6-n6-gc10-qc118 6 10 25 39 64 9 0.03125
2of5d5-n7-gc11-qc32 7 11 17 6 23 10 0.4687
2of5dn4-n7-gc12-qc31 7 12 17 6 23 9 0.05088
rd53d1-n7-gc11-qc96 7 11 24 13 37 11 0.04887
rd53d1-n7-gc12-qc82 7 12 48 6 54 12 0.05338
symmetric6-n7-gc14-qc1308 7 14 70 592 662 14 0.07813
symmetric6-n7-gc15-qc825 7 15 85 892 947 13 0.06250
symmetric6-n7-gc41-qc206 7 41 101 192 293 14 0.1022
nth_prime07_inc-n7-gc440-qc10989 7 440 1329 10399 11728 116 1.0487
nth_prime07_inc-n7-gc489-qc10898 7 489 1378 10437 11815 104 1.0416
nth_prime07_inc-n7-gc839-qc2284 7 839 1898 2043 3941 118 1.5397
nth_prime08_inc-n8-gc1692-qc6339 8 1692 3968 6092 10060 222 6.4840
rd73d2-n9-gc835-qc4069 9 835 2068 5081 7149 225 6.7764
rd73d2-n9-gc296-qc43421 9 296 1277 44195 45472 99 3.3957
symmetric_9-n10-gc347-qc1975 10 347 875 2408 3283 131 5.9495
symmetric_9-n10-gc73-qc61928 10 73 735 61756 62491 65 2.8694
symmetric_9-n10-gc74-qc31819 10 74 682 45384 46066 60 2.8712
rd84d1-n11-gc2560-qc12397 11 2560 6033 17757 23790 550 85.517
rd84d1-n11-gc679-qc359384 11 679 3416 376108 379524 226 34.781

odd numbers; the functionality effect of the RGF behaves
as the functionality of the fault-free circuit. Therefore, the
test set is not required for the odd number of duplicate
instances k of the same gate in RGF.

5. EXPERIMENTAL RESULTS

The implementation of the proposed method for eval-
uating the MixCFF and determining the fault coverage
range with already established fault models in reversible
circuits are presented in this section. Various benchmark
circuits [40] are considered to perform the experimental
results. Here, each benchmark circuit is converted to the
machine-readable version in tfc file format and the struc-
ture of the tfc file format is explored in [31]. The proposed
ATPG algorithm is effectuated in Python 3.4, and system
configurations consist of an Intel Pentium (R) Core-i5
machine with CPU-2020 @ 2.40GHz× 2 system, 8GB
RAM onWindow 10 (64-bit).

The experimental results for generating the complete
test set TSmcf for the detection of MixCFFs in various
mixed-controlled based k-CNOT circuits are presented
in Table 3. The first six columns of Table 3 are repre-
sented the mixed-controlled based k-CNOT benchmark
circuits, the total number of input lines (n), the total
number of gates (N), the total number of m-SCFFs, the
total number ofm-MCFFs and the total number of Mix-
CFFs, i.e. for bothm-SCFFs andm-MCFFs, respectively.
Column 7 provides the total number of test vectors in
TSmcf that is required to detect the MixCFFs. The last
column 8 indicates the CPU time in seconds for com-
pleting the complete test set TSmcf generation process

for the MixCFF of the corresponding circuit. Based on
the experimental results as reported in Table 3, it is
observed that the size of the complete test set TSmcf
increases when the total number of MixCFFs grows. For
the circuits, 2of 5d4-n7-gc12-qc31 and rd53d1-n7-gc12-
qc82, the number of inputs (n) and the number of gates
(N) are 7 and 12, respectively. However, the total number
of MixCFFs (both p-SCFF and p-MCFF) is 23 and 54 for
the circuits 2of 5d4-n7-gc12-qc31 and rd53d1-n7-gc12-
qc82, respectively. Thus, the size of the TSmcf for the cir-
cuit rd53d1-n7-gc12-qc82 is 12 that is larger as compared
to the TSmcf size (i.e. 9) for the circuit 2of 5d4-n7-gc12-
qc31. In addition, some specific circuits have higher faults
even though the total number of test vectors in TSmcf is
smaller. This is because there may be a higher number of
gates in that particular circuit. For example, as presented
in Table 3, the total number of MixCFFs is 11815 for
the circuit nth_prime07_inc-n7-gc489-qc10898, which is
relatively larger as compared to the number of Mix-
CFFs for the circuits nth_prime07_inc-n7-gc440-qc10989
(i.e. 11728) and nth_prime07_inc-n7-gc839-qc2284 (i.e.
3941). But, the size of the TSmcf is 104 for the circuit
nth_prime07_inc-n7-gc489-qc10898 that is less than the
size of the TSmcf for the circuits nth_prime07_inc-n7-
gc440-qc10989 (i.e. 116) and nth_prime07_inc-n7-gc839-
qc2284 (i.e. 118). Therefore, the number of gates in a
given mixed-controlled based k-CNOT circuit also sig-
nificantly impacts the complete test set TSmcf and the
CPU time.

In Table 4, the test set TSmcf for MixCFF is applied to dif-
ferent existing fault models, like SMGF, MMGF, PMGF
and RGF in mixed-control based k-CNOT circuit for
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Table 4: Experimental results for the fault coverage range of SMGF, MMGF, PMGF and RGF by the TSmsf

Total no. of faults Evaluation of fault coverage by TSmcf [Proposed]

Benchmark circuit n N SMGF MMGF PMGF RGF (k = 2) SMGF MMGF PMGF RGF

mod 4mod5-n5-gc4-qc13 5 4 4 6 6 8 100% 100% 33.35% 100%
mod 5mod5-n6-gc7-qc429 6 7 7 21 35 14 100% 100% 0% 100%
2of5d7-n6-gc9-qc268 6 9 9 36 28 18 100% 100% 25% 100%
2of5d6-n6-gc10-qc118 6 10 10 45 25 20 100% 100% 48.32% 100%
2of5d5-n7-gc11-qc32 7 11 11 55 17 22 100% 100% 81.25% 100%
2of5dn4-n7-gc12-qc31 7 12 12 66 17 24 100% 100% 94.11% 100%
rd53d1-n7-gc11-qc96 7 11 11 55 24 22 100% 87.17% 62.55% 100%
rd53d1-n7-gc12-qc82 7 12 12 66 48 24 100% 100% 84% 100%
symmetric6-n7-gc14-qc1308 7 14 14 91 70 28 100% 63.34% 45.07% 100%
symmetric6-n7-gc15-qc825 7 15 15 105 85 30 100% 82.27% 50% 100%
symmetric6-n7-gc41-qc206 7 41 41 820 101 82 100% 56.19% 87.14% 100%
nth prime07 inc-n7-gc440-qc10989 7 440 440 96580 1329 880 100% 84.53% 62.41% 100%
nth prime07 inc-n7-gc489-qc10898 7 489 489 119072 1378 978 100% 92.14% 74.11% 100%
nth prime07 inc-n7-gc839-qc2284 7 839 839 351541 1898 1678 100% 78.77% 61.39% 100%
nth prime08 inc-n8-gc1692-qc6339 8 1692 1692 1430586 3968 3384 100% 100% 76.28% 100%
rd73d2-n9-gc835-qc4069 9 835 835 348195 2068 1670 100% 85.34% 44.09% 100%
rd73d2-n9-gc296-qc43421 9 296 296 43660 1277 592 100% 72.87% 34.16% 100%
symmetric 9-n10-gc347-qc1975 10 347 347 60031 875 694 100% 100% 81.21% 100%
symmetric 9-n10-gc73-qc61928 10 73 73 2628 735 146 100% 87.18% 96.11% 100%
symmetric 9-n10-gc74-qc31819 10 74 74 2701 682 148 100% 69.15% 47.15% 100%
rd84d1-n11-gc2560-qc12397 11 2560 2560 3275520 6033 5120 100% 57.26% 63.19% 100%
rd84d1-n11-gc679-qc359384 11 679 679 230181 3416 1358 100% 86.39% 87.18% 100%
Average 100% 86.48% 60.82% 100%

evaluating the fault coverage range. Here, columns 4, 5,
6, and 7 indicate the total number of faults in SMGF,
MMGF, PMGF, and RGF, respectively. To determine the
total number of faults in RGFs, we consider detectable
RGFs in mixed-control based reversible circuits, where
instances k of the repeated gate occur in even num-
bers. For this purpose, we consider k = 2 for an RGF,
as shown in column 7 of Table 4. The fault coverage for
each faultmodel is determined by theTSmcf is reported in
columns 8, 9, 10, and 11. It is observed that the complete
test set TSmcf for MixCFF covers 100% fault coverage of
both SMGF and RGF, as presented in Columns 8 and
11, respectively, due to the same test set exists for the
detection of faults in SMGF and RGF. On average, fault
coverage is 86.48% for the MMGF, which is higher as
compared to the fault coverage on average of 60.82% for
the PMGF.

6. CONCLUSION

In this article, we have considered the fault model Mix-
CFF in the mixed-controlled based k-CNOT reversible
circuit, which is considered a structural fault model. The
detailed structure and occurrence of theMixCFF are pre-
sented in this article. An ATPG algorithm is reported to
generate the complete test set TSmcf for identifying all
the possible MixCFFs. Moreover, we have presented the
correlation of MixCFF with other existing fault models,
and the evaluation of the fault coverage range for the
existing fault models by the generated complete test set
TSmcf is also addressed. As per the experimental results,
we have observed that the developed complete test set

for the MixCFF is effectively used for the other fault
models, specifically for the SMGF. There is a possibility
to reconstruct the TSmcf to achieve the complete fault
coverage of MMGF and PMGF by the TSmcf . How-
ever, the TSmcf is not a minimal complete test set in
the proposed work; therefore, it can be extended to for-
mulate a minimal complete test set for detecting the
MixCFF.

The proposed fault detection logic for the MixCFFs
is developed based on the reversibility in classical
implementation, i.e., the circuit computation is imple-
mented with classical bits. Therefore, we restrict the pro-
posed fault detection logic for MixCFFs as the work in
the paper is for reversible circuits. Hence, our future
work includes verifying the performance analysis of
the fault-free and faulty circuit’s behaviors using the
test set TSmcf for the MixCFF in IBM Quantum hard-
ware. Also, our future work includes a detailed analy-
sis of the probability distribution on the observations
of all probabilistic output states in a quantum circuit
simulator.
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