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To meet the increasing demands for high-performance appli-
cations in power density, new material alloys and heat treat-
ment processes for gears are constantly being developed (Refs. 
1–3). The investigation and evaluation of different materials and 
heat treatments for gears is carried out using S-N curves (Refs. 
2,4,5). However, when generating S-N curves for tooth bend-
ing strength, the influence of deviations around the tooth root 
contour is often not considered or recorded with insufficient 
accuracy, so that an identical tooth root contour is assumed for 
all variants (Refs. 2,4,5). 

Due to the lack of a uniform evaluation standard for the 
tooth root area, the quality of test gears is usually evaluated 
only for the tooth flank area using ISO 1328 1:2013 (Refs. 
6–10). Stress-increasing effects, such as changes in the tooth 
root radius due to deformations from the heat treatment, are 
therefore not considered (Refs. 2,4). In particular, when test-
ing gears with an unground tooth root area, form deviations 
from the heat treatment and manufacturing deviations from 
gear hobbing around the tooth root have a direct effect on the 
test results. These deviations lead to a change in the occurring 
tooth root stresses and influence the tooth bending strength 
(Refs. 8,11–16). In the following study, the influence of man-
ufacturing-related geometry deviations around the tooth root 
on the tooth bending strength is investigated.

State of the Art
Sufficient load carrying capacity of the tooth flank and the 
tooth root is a basic requirement for gear design as gear dam-
age may lead to a total failure of the gearbox in the worst case 
(Ref. 17). For this reason, extensive knowledge of the material 
strength, the heat treatment combination and the occurring 
stresses in the application are of utmost importance, especially 
in the design process of high-performance gears.

Factors Influencing the Tooth Bending Strength
The tooth bending strength of gears is obtained by comparing 
the stress and load capacity around the tooth root (Refs. 14,17). 
Both stress and load capacity are influenced by various param-
eters, which, depending on their characteristics, can have a posi-
tive or negative effect on the tooth bending strength (Ref. 15).

Factors Influencing the Tooth Root Stress
In addition to the application and the associated load, the stress on 
a gear is determined by the design of the macro and micro geom-

etry as well as the manufacturing process (Ref. 14). The normal 
pressure angle, as a macro geometric gear parameter, influences 
both the length of the bending moment arm and the length of 
the tooth root chord (Ref. 14). An increase of the normal pressure 
angle leads to a reduction of the bending moment arm as well 
as to an increase of the tooth root chord (Ref. 14). Based on the 
bending beam theory, which can be used to calculate the tooth 
root stress in a simplified way, a reduction of the bending moment 
arm leads to a reduction of the bending moment and therefore 
to a lower tooth root stress (Ref. 17). Increasing the tooth root 
chord also reduces the tooth root stress because it increases the 
area moment of inertia of the critical tooth root section (Ref. 18). 
The area of the critical tooth root section can be further increased 
by increasing other macro geometric gear parameters, such as the 
tooth width and the normal modulus, to reduce the tooth root 
stress (Refs. 14,18). Both the increase of the normal module, with 
otherwise constant gear parameters, and the increase of the gear 
width led to a larger area of the critical tooth root section and thus 
to a reduction of the tooth root stress (Ref. 14,18).

Another geometric factor influencing the tooth root stress 
is the tooth root contour (Ref. 14). The smaller the existing 
tooth root radius at the critical section, the greater the stress-
increasing notch effect and thus the stress on the tooth root 
(Refs. 14,15). Taking this relationship into account, various 
studies have shown that by optimizing the tooth root geom-
etry and leaving the tooth geometry otherwise unchanged, an 
increase in tooth bending strength of 10–30 percent can be 
achieved (Refs. 11,12,15,16,19). The optimization potential 
depends on the initial state of the tooth root geometry and the 
optimization method used (Refs. 11,12,15,16,19). Conversely, 
deviations from the specified tooth root geometry due to pro-
cess variations or manufacturing errors can lead to a reduction 
in the tooth bending strength (Refs. 13,20).

Factors Influencing the Tooth Root Load Capacity
The load capacity of a gear describes the load limit up to which 
a gear can be operated without damage and is understood as 
the strength of the gear material against mechanical load (Refs. 
21–23). The load capacity is determined by the selected gear 
material and the manufacturing processes used, including the 
process parameters (Refs. 4,5,10,24). A significant influence on 
the load capacity is the choice of the material and heat treat-
ment combination, as this has a decisive influence on the mate-
rial properties of a gear (Refs. 4,14,23).
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The mean stress sensitivity is one of these material proper-
ties and describes the relationship between the fatigue limit 
stress amplitude and the mean stress present (Ref. 25). In 
general, the stress amplitude that can be withstood decreases 
as the mean stress increases (Ref. 25). In addition, surface-
hardened components are more sensitive to mean stress in the 
tensile range than non-surface-hardened components (Refs. 
25,26). Nevertheless, gears are usually surface hardened to pro-
vide a hard and high-strength surface that can withstand the 
tangential stresses in the tooth root area and the high pressures 
in the tooth contact area (Refs. 18,27). Inside the tooth, on the 
other hand, high ductility is required to withstand the load due 
to bending stresses and possible impacts (Refs. 18,27). Due to 
these requirements, case-hardened and nitrided steels are used 
for gears in many applications (Refs. 17,18).

Another material property is the notch sensitivity, which 
describes the property of a material to be sensitive to local 
stress increases due to changes in the shape of the compo-
nent (Ref. 25). In this context, shape changes are any shapes 
with high local curvature ratios, such as undercuts in notches 
or the tooth root of gears (Refs. 14,18,25). Components with 
such shape changes, if they are made of a material with high 
notch sensitivity, have a lower load capacity than geometrically 
identical components made of a material with lower notch 
sensitivity (Ref. 25). Furthermore, notch effects can also be 
caused by the structure and condition of the component sur-
face and lead to local stress increases (Refs. 17,18,27). The 
surface of a gear is determined by the final machining opera-
tion and depends on the selected process chain (Ref. 17). For 
non-ground tooth roots, the surface finish is already defined by 
the soft machining and the subsequent heat treatment (Refs. 
17,18). Feed marks and enveloping cut deviations from soft 
machining can affect the tooth bending strength negatively 
due to the notch effect and promote crack initiation on the 
component surface (Refs. 17,18).

In shot peened gears, the location of crack initiation moves 
from the surface to the interior of the component due to the 
high compressive residual stresses near the surface (Refs. 
10,28). Crack initiation usually occurs there due to the local 
stress increase at flaws, i.e., defects in the basic structure, 
such as non-metallic inclusions (Refs. 10,28). With contin-
ued loading, the crack initiation phase then transitions to the 
crack growth phase, ultimately leading to damage and failure 
of the application (Ref. 28). Typically, sub-surface damage 
only occurs at higher numbers of load cycles, in the so-called 
very-high cycle fatigue (VHCF) and ultra-high cycle fatigue 
(UHCF) range (Refs. 10,28). Therefore, high-purity steels are 
used in applications with high load cycles, such as in aircraft 
engines and rolling bearings, to reduce the number of defects 
and thus the possibility of crack initiation (Ref. 5).

Procedures for Determining the Tooth Bending 
Strength
Various procedures and methods can be used to determine 
the tooth bending strength, some of which differ consider-
ably from each other due to their type and the required effort 
(Refs. 6,9,14,17,29). One possibility is to carry out experimen-
tal investigations in the form of operational and analogue tests 

to investigate the load capacity (Ref. 17). The tooth bending 
strength of the tested gears is then derived from the experi-
mental results and the consideration of the occurring tooth root 
stresses, which can be measured or determined using various 
calculation methods (Refs. 14,17).

Operational and Analogy Tests
In the industrial environment as well as in the field of research 
and development, different test rigs are used to test gears and 
gearboxes. For the investigation of the tooth bending strength, 
the test rig concepts of the running and pulsator test have pre-
vailed, as they are more economical and ecological than testing 
on the final product or components of the final product (Ref. 17).

For investigations of the tooth bending strength, the anal-
ogy test in the pulsator test rig, also called pulsator test, is 
often used, since the costs, the time, and the complexity of 
the investigation method are reduced compared to the run-
ning test (Ref. 17). Another advantage of the pulsator test is 
the decoupling of the variable meshing conditions in the tooth 
contact, which reduces the number of influencing variables 
and sources of error on the determination of the tooth bending 
strength of gears (Ref. 17). This makes it possible to carry out 
investigations on the fundamental influences of the material 
and process chain selection as well as the gear geometry on the 
tooth bending strength (Ref. 17). Due to the changed contact 
conditions, a conversion factor of fcorr = 0.9 must be considered 
for the transferability of the pulsator results to the running test 
(Refs. 17,30). 

Procedures for Calculating the Tooth Root Stress
The term tooth root stress means the maximum local principal 
stress or tangential stress in tooth height direction at the surface 
of the tooth root (Refs. 14,17). The calculation of the tooth root 
stress is usually carried out at the location of the 30-degree tan-
gent around the tooth root, since simulative and experimental 
studies have shown that the damage-critical stress around the 
tooth root occurs there (Refs. 14,17,18). The standard proce-
dure for calculating the maximum occurring tooth root stress is 
the application of standardized procedures, such as ISO 6336 
3:2019 (Ref. 14). Since these standard calculation methods are 
analytical methods based on conventions and abstractions, a 
comparatively fast calculation of the maximally occurring tooth 
root stress is possible (Ref. 17). In the following, the procedure 
of tooth root stress calculation according to ISO 6336 3:2019 
method B is explained first and then higher-order calculation 
approaches, such as the finite element method (FEM) are dis-
cussed (Refs. 14,17).

The tooth root stress calculation of the standardized method 
of ISO 6336 3:2019 is based on the bending beam theory 
(Ref. 14). Based on this approach, the various factors influ-
encing the tooth root stress are considered with the help of 
correction factors (Refs. 14,31). These correction factors can 
be determined using different methods, whereby method B 
of ISO 6336 3:2019 is frequently used due to the quality of 
the results and the ease of application (Refs. 10,17,18,32). 
The basis of calculation method B is the determination of 
the occurring nominal tooth root stress vF0-B (Ref. 14). The 
nominal tooth root stress vF0-B denotes the maximum local 
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principal stress (tangential stress) in the tooth root area for 
a flawless gear under static load by means of nominal torque 
(Ref. 14). The outer point of single tooth contact is used as 
the point of application of this load for the stress calculation 
in the running test (Ref. 14). At this point, the nominal torque 
is transmitted by only one tooth and the bending moment arm 
of the force application point to the tooth root has the maxi-
mum value around single tooth contact (Ref. 14).

With the help of higher-quality calculation methods, such 
as FEM, the locally occurring tooth root stresses on entire 
gears can be calculated, taking into account the real gear 
geometry (Ref. 17). Due to the high calculation effort as well 
as the required pre- and post-processing for the determination 
of the relevant results, general commercial FE programs are 
usually not used for gears (Refs. 17,32). Tooth contact analy-
sis programs specialized for gears simplify this process for the 
user (Refs. 17,32). Furthermore, due to the combination of 
analytical calculation methods with the FEM, the required 
calculation effort can be reduced in FE-based tooth contact 
analysis, so that extensive variant simulations for micro geom-
etry optimization are possible (Refs. 17,32).

Tolerancing of Gears
Geometric deviations from the designed nominal contour of a 
gear due to tool wear and process variations during manufac-
turing can affect the tooth root and tooth flank load capacity. 
This influence must be considered in the design process with 
the aid of quantitative manufacturing tolerances to ensure that 
the manufactured gears meet the required specifications. Due 
to different geometric conditions and special features, a classic 
distinction is made between the areas of the tooth flank and the 
tooth root (Ref. 17).

ISO 21771:2007 provides the basis for tolerancing the tooth 
flank of involute gears (Ref. 33). It contains clear definitions 
and specifications of the various gear parameters and explains 
the geometric and mathematical relationships between them 

(Ref. 33). In addition to the macro geometric parameters of 
a gear, the various flank modifications are also described and 
explained (Ref. 33). Based on this, ISO 1328 1:2013 intro-
duces an ISO tolerance classification system, which enables an 
objective evaluation of manufactured gears based on defined 
measured variables and permissible tolerance limits (Ref. 7). 
The gear quality is differentiated with the help of eleven toler-
ance classes IT1 to IT11, whereby IT1 denotes the lowest tol-
erance range and thus the highest quality and IT11 the lowest 
manufacturing quality with the largest possible tolerance range 
(Ref. 7). The application guidelines ISO/TR 10064 1:2019 
and VDI/VDE 2612 supplement the IT classification system 
with information on measurement methods, measuring devices 
and the evaluation and interpretation of the measurement 
results [34,35]. The standardization of the flank tolerance cre-
ates a common basis for gear manufacturers and gear buyers, 
which enables a uniform conformity assessment of gearing in 
the area of the tooth flank (Ref. 7).

For the area of the tooth root, no standardized assessment 
basis or IT classification system has yet been created (Refs. 
8,11). Due to the lack of a standard, only the tooth root diam-
eter is usually tolerated in production drawings of gears and 
sometimes supplemented by the specification of a minimum 
tooth root radius (Refs. 8,11). On the one hand, this gives 
gear manufacturers great freedom in designing and optimizing 
the tooth root contour to increase the tooth bending strength 
(Ref. 8). However, this freedom also bears the risk that the 
tooth root contour is neglected during quality control and that 
unwanted tooth root fractures occur in the application due to 
manufacturing deviations (Ref. 8).

Objective and Approach
The state-of-the-art shows that a large number of parameters 
influence the tooth bending strength of a gear. One of these 
influencing variables is the tooth root geometry, which can sig-
nificantly increase or decrease the tooth bending stress depend-

Figure 1—Objective and approach.
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ing on its characteristics (Refs. 8,11,15). Nevertheless, there are 
no uniform evaluation standards for tolerancing the tooth root 
contour. As a result, only the tooth flank is usually considered in 
the quality control of gears and classified with the help of ISO 
1328 1:2013 (Ref. 7). A missing or insufficiently precise quality 
control for the area of the tooth root can lead to uncertainties 
in the application as well as in the performance and evaluation 
of load capacity tests. For this reason, this study aims to investi-
gate the influence of production-related geometric deviations in 
the area of the tooth root when determining the tooth bending 
strength (see Figure 1).

The first step is to measure the manufactured tooth gap 
contours—space between two adjacent teeth—and then 
analyze the production-related geometric deviations around 
the tooth root. In addition to recording manufacturing 
deviations due to tool wear and process variations, the anal-
ysis is also used to investigate the distortion in the tooth 
root area for different material and heat treatment com-
binations. Based on the geometry analysis, the tooth root 
stress calculation is automated, considering the measured 
tooth gap contours. This allows the calculation of actual 
tooth root stresses to be considered when performing and 
evaluating pulsator tests to determine the tooth bending 
strength. The automation includes both the stress calcula-
tion according to ISO 6336 3:2019 and the possibility to 
calculate the tooth root stresses using the FEA-based tooth 
contact analysis FE-STIRNRADKETTE (STIRAK) (Ref. 
14). A uniform tooth root stress calculation procedure is 
required for the investigation of several variants with differ-
ent production-related geometry deviations and is currently 
not sufficiently standardized to ensure comparability of the 
results and to avoid errors in the evaluation. The automated 
tooth root stress calculation is then used to investigate the 
influence of manufacturing geometry deviations on the 
tooth root stress and the effect on the determination of the 
tooth bending strength.

Analysis of Production-Related 
Geometry Deviations

The following section describes the results and findings of 
the geometric analysis carried out. To classify the results of 
the geometry analysis, the test gears examined and their dif-
ferences are presented. The subsequent measurement of the 
tooth gap contours of all gear variants is used to determine the 
respective production-related geometry deviations for each 
variant and to compare the deviations of the individual vari-
ants with each other.

Test Gears—Variation of Material and Heat 
Treatment
The test gears considered in the following are part of a research 
project aimed at investigating the gear load capacity of differ-
ent material-heat treatment combinations at an operating tem-
perature of 180°C (see Figure 2). The gears being measured and 
tested are spur gears with a normal module of mn = 5 mm and 
a normal pressure angle of an = 20°. The gears each have z = 21 
teeth and a tooth width of b = 20 mm. The flank modification 
of the gears includes a tip relief of Ca = 90 μm and starts at a 
diameter of dCa = 114.3 mm.

Due to the focus of the research project, the investigated 
variants differ in terms of the used material and the applied 
heat treatment (see Figure 2). However, the other steps in the 
manufacturing process chain were identical for all variants. 
In the first step, the gear blanks were made from the mate-
rial supplied as round steel and then turned to the required 
dimensions. This was followed by precutting in the hobbing 
process using the same process parameters for all variants. The 
subsequent heat treatment was varied according to the dif-
ferent specifications. The heat treatment was then followed 
by hard finishing, which involved the profile grinding of the 
gear tooth flanks. The tooth root was not ground during this 
process. Finally, the gears were shot-peened and superfinished 
to further increase the tooth bending strength. Subsequent 

Figure 2—Test gears—variation of material and heat treatment.
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roughness measurements around the tooth root showed that, 
due to the superfinishing process, all examined variants had a 
comparable surface roughness.

In this study, five of the thirteen variants of the research proj-
ect are examined in more detail. The first two variants are made 
from 20MnCr5 and have been surface hardened using two dif-
ferent heat treatment processes. The first process is gas carboni-
triding with oil quenching, followed by tempering at a tempering 
temperature of T = 250°C. The second heat treatment is low-
pressure carburizing with high-pressure gas quenching, followed 
by salt bath heating (GS540) and a final tempering at T = 190°C. 
For the third variant, Hybrid55 (X20NiCrAlMoV6-5-2-1) 
was used, and the gears were carburized and then plasma 
nitrided. The gears of the fourth variant are made of Ovako497 
(42NiSiCrMo8-7-3) and were produced by a low-pressure car-
bonitriding process with high-pressure gas quenching and subse-
quent tempering at T =210–250°C. To produce the fifth variant, 
the used material was M50NiL, and the heat treatment of the test 
gears was gas carbonitriding in a double hardening process.

Production-Related Geometry Deviations
To analyze the production-related geometric deviations, it is nec-
essary to record the manufactured tooth contours of all five vari-
ants as accurately as possible. The necessary measurements were 
carried out using a Klingelnberg P16 tactile precision measur-
ing center. The required nominal tooth gap contour was created 
using the FE-based tooth contact analysis based on the tool ref-
erence profiles of the soft and hard machining processes. Using 
this nominal contour, the tactile precision measuring center can 
measure the manufactured tooth gap contours and determine the 
deviation between the specified nominal contour and the manu-
factured tooth contours. The tooth gap contours were measured 
for all teeth of the five variants that will be loaded in the pulsator 
during the testing. Since four pulsator tests with two clamped 
teeth each can be carried out on every test gear, eight tooth gaps 
per gear have been measured. The tooth contours were always 

recorded as a 2D line in the center of the tooth width. This allows 
the actual tooth root stresses to be considered in the subsequent 
evaluation of the fatigue tests. In addition, the measurement 
results can be used to analyze production-related geometry devi-
ations, both within a variant and between the different variants.

The results of the tooth gap contour measurements carried out 
to investigate the geometry deviation within a variant are shown 
in Figure 3 as an example for variant II (20MnCr5 bainitization). 
Looking at the entire gap contour, the measured mean gap con-
tour of variant II is in good agreement with the nominal contour 
(see Figure 3—top center). However, closer examination of the gap 
contour in the tooth root area shows that the median gap contour 
in the tooth root area is below the nominal contour (see Figure 
3—right). For a better classification of the deviations, the distance 
in normal direction DnDev between the nominal contour and the 
measured contour, also called the actual contour, was calculated for 
each measuring point of all measured gears. Since the tooth flank 
area was ground during hard finishing without machining the 
tooth root area, the evaluation of the production-related geometry 
deviations is carried out separately for the tooth flank area and the 
tooth root area (see Figure 3—bottom center). The box plot shows 
that the interquartile range IQR of the normal distance between 
the nominal and actual contour for the tooth root area (IQRII,root = 
24.6 μm) is significantly larger than that for the tooth flank area 
with IQRII,flank = 4.3 μm. As the interquartile range is the difference 
between the 75 percent and 25 percent quantiles, it can be con-
cluded that the geometry deviations are significantly more scat-
tered in the root area than in the flank area. This difference in the 
tooth flank area results from the removal of the grinding allow-
ance, which compensates for any deviations from tool wear during 
the hobbing process or distortions from heat treatment. However, 
there is no correction for this deviation in the tooth root area 
because, as in many applications, the root has not been ground. 
This results in a median geometry deviation of DnDev,root,median = 
-11.5 μm for the tooth root area. However, an evaluation of the 
minimum and maximum normal distance is not possible because 

Figure 3—Comparison of production-related geometry deviations within a variant.
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measurement outliers due to contamination in the measurement 
process, for example, due to dust, cannot be excluded. However, 
for the sake of completeness of the geometry analysis, the scatter 
range between the minimum and maximum normal distance is 
plotted in the box plot diagram (see Figure 3).

In the following, the production-related geometry deviations 
between the variants I to V are presented. For the sake of clar-
ity, only the mean tooth gap contours of the five variants are 
shown in Figure 4. Looking at the median gap contour, there is 
no difference between the variants (see Figure 4—top center). 
However, a closer look at the tooth root area shows that the 
median root contour of variant IV (Ovako497) and variant V 
(M50NiL) clearly deviates from the nominal contour and the 
other variants (see Figure 4—right). The root diameter of vari-
ant IV (dF,IV = 95.44 mm) is DdF,IV = +174 μm above the root 
diameter of the nominal contour (dF,nominal = 95.26 mm). variant 
V, on the other hand, has a root diameter of dF,V = 95.13 mm, 
which is DdF,V = -133 μm smaller than the nominal contour. The 
deviations of the other three variants are smaller in comparison. 
The tooth root contour of variant III (Hybrid55) shows the 
highest agreement with the nominal contour.

The box plot diagram, which shows the normal deviation dis-
tances of all measurement points in the tooth root area from the 
nominal contour, confirms these findings (see Figure 4—bottom 
center). It can also be seen that the scatter of the normal deviation 
distances varies with each variant. The lowest scatter in the root 
area is found for variant I with IQRI = 14.1 μm and variant IV 
with IQRIV = 13.0 μm. In comparison, the interquartile ranges of 
the other variants are IQRII = 24.6 μm, IQRIII = 27.9 μm, and IQRV 
= 21.9 μm. As the manufacturing process chain of the variants 
differs only regarding the applied heat treatment, it is reasonable 
to assume that the deviations are due to this difference. However, 
the influence of the hobbing process cannot be excluded, as no 
tooth contour measurements were made between soft machin-
ing and the heat treatment process. Therefore, for future studies 
focusing on the identification of the process step with the greatest 

manufacturing variation, it is recommended that the tooth root 
geometry be recorded after each manufacturing step.

Automated Tooth Bending Stress 
Calculation with the Consideration 
of Measured Tooth Gap Contours

Based on the geometry analysis carried out, the following section 
presents a procedure for the automated tooth root stress calcula-
tion, considering the measured tooth gap contours. The automa-
tion includes both the stress calculation according to ISO 6336 
3:2019, hereafter referred to as the standard-based method, and 
the possibility of calculating tooth root stresses using the FE-based 
tooth contact analysis STIRAK (Ref. 14). The automation allows 
a reproducible and consistent calculation of the actual tooth root 
stresses when performing and evaluating tooth bending strength 
tests on the pulsator. A consistent stress calculation procedure is 
essential when investigating multiple variants to ensure compara-
bility of results and avoid errors in the interpretation.

As input variables for the automatic tooth root stress calcula-
tion, the results of the gap contour measurements, an input file 
of the test gears for the FE simulation program, and the pulsator 
forces for the pulsator tests are required. All three input data are 
used for the stress calculation according to ISO 6336 3:2019 and 
for the FE simulation. Figure 5 shows the procedure for the stan-
dard-based tooth root stress calculation. In addition to the known 
macro geometric gear parameters, such as normal module, normal 
pressure angle, number of teeth, and some other parameters, the 
actual manufactured root diameter and tooth root radius, as well 
as the generating profile shift coefficient used to machine the 
tooth gap contour, are required to perform the stress calculation. 
Therefore, the first step is to create a hypothetical manufacturing 
tool that could theoretically produce a measured root gap contour 
in one operation. The data of the manufacturing tool in the input 
file is used as a starting value for the iteration of the hypothetical 
manufacturing tool. If the data is a protuberance tool, only infor-
mation describing the basic rack profile of a simple production 

Figure 4—Comparison of production-related geometry deviations between the variants.
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tool is considered, such as the reference profile angle, the adden-
dum coefficient, the dedendum coefficient, and the tool tip corner 
rounding coefficient. The start value for the tool tip corner round-
ing factor is set to taP0,Start = 0.05, regardless of the used basic rack 
profile, to ensure that the basic rack profile of the hypothetical 
manufacturing tool is generated and to avoid a tool tip that is far 
from reality. The iteration then starts with a stepwise adjustment 

of the generating profile shift coefficient in order to fit the gen-
erated FE-based contour to the measured contour in the area of 
the tooth flank. The fitting quality is assessed using the median 
normal distance deviation DnDev,median between the two curves in 
the tooth flank observation area (see Figure 5). The addendum 
coefficient of the hypothetical finished gear tool is then adjusted 
using Equation 1.

h h m
d d

h h m
d d

2 2
* * , , * * , ,
aP aP

n

F FE based F actual
aP aP

n

F F actualStirak

$ $= +
-

= +
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where
h*

aP0					    is addendum coefficient
dF,FE-based		 is tooth root diameter of the FE-based contour
dF,actual			   is tooth root diameter of the actual contour

Figure 5—Procedure for automated tooth root stress calculation using ISO 6336-3:2019.

Figure 6—Influence of manufacturing scatter on the tooth root stress.
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The third adjustment to the basic rack profile of the manu-
facturing tool concerns the area of the tooth root that is 
machined by the tool tip corner rounding of the manufac-
turing tool. To achieve the best possible match between the 
FE-based contour and the actual contour, the tool tip corner 
rounding coefficient is changed step by step in an iterative 
process. As with the tooth flank iteration, the fitting quality 
is checked after each iteration step using the median normal 
deviation distance DnDev,Median between the two curves in the 
tooth root area. A maximum deviation of DDev,Median ≤ 1 μm was 
used as a stop criterion for the iteration of the flank area and 
the tooth root area.

Once the basic rack profile of a suitable hypothetical 
manufacturing tool has been fully determined, the second 
step is to calculate the actual tooth root stress using the 
equation shown in Figure 5 (Ref. 14). When calculating 
the required correction factors, it should be noted that the 
point of force application in the pulsator is often not at the 
outer point of single tooth contact and is dependent on the 
number of teeth clamped. The resulting geometric relation-
ships are shown in Figure 5, bottom left, and must be taken 
into account when calculating the correction factors YF and 
YS. In addition, the generating profile shift value from the 
tool iteration must be used. The required tooth root radius 
results from the tooth root radius of the basic rack profile of 
the gear tfP and corresponds to the tool tip corner rounding 
taP0 of the hypothetical manufacturing gear tool (Ref. 37). 
Considering the relationships above, the equations from 
ISO 6336 3:2019 are then used to calculate the actual tooth 
root stress of the tooth gap contour under consideration 
(Ref. 14).

For the tooth root stress calculation with the FE-based 
tooth contact analysis, the measured tooth gap contours are 
first smoothed using a spline approximation. The smoothed 
tooth gap contours can be read directly by the used tooth 
contact analysis program and considered when building the 
FE-model. The implemented FE meshing process of the 
program requires a smoothed tooth gap contour as the con-
tour normally used to determine the meshing direction of 
the FE mesh. Any contour discontinuities in the measured 
and unsmoothed tooth gap contours would therefore lead to 
an unfavorable FE mesh in some cases and thus negatively 
affect the results. Furthermore, the rolling position of the 
FE-based simulation, which corresponds to the contact con-
ditions in the pulsator test, must be determined, as the tooth 
contact analysis simulates the quasi-static tooth flank contact 
of a running test. The rolling position is determined by com-
paring the pulsator diameter dPuls, which represents the diam-
eter of the force application in the pulsator test, with the 
contact line diameter of all rolling positions of the FE-based 
simulation. The pulsator diameter dPuls results from the base 
tangent length WK of the number of clamped teeth k and 
defines the position of the contact line on the tooth flank in 
the pulsator test. The rolling position with the best fit is used 
for further tooth root stress calculation. The required simula-
tion torque is determined by iteratively adjusting the torque 
until the sum of the tooth normal forces of the selected 
contact line matches the desired pulsator force. Finally, the 

tooth root stresses occurring in the pulsator are calculated for 
each measured tooth gap contour, considering the simulation 
torque and the selected rolling position.

Influence of Geometry Deviations 
on the Tooth Bending Strength

In the following section, the influence of the geometry devia-
tions on the tooth bending strength is examined. Using the 
two calculation methods presented, the effect of the measured 
geometry deviations on tooth root stress is first determined, and 
the difference between the two calculation methods is exam-
ined. Furthermore, the influence of considering the measured 
tooth root contours in the determination of the tooth bending 
strength is shown by means of experimental investigations on 
the measured test gears.

The results of the investigation into the influence of pro-
duction-related geometry deviations on tooth root stress are 
shown in Figure 6 as an example for variant II (20MnCr5 – 
bainitization). The tooth root stresses were calculated for all 
measured tooth gap contours of variant II at a uniform pulsa-
tor force of FPuls = 44 kN with four clamped teeth. A median 
normal distance of nDev,median ≤ 1 μm was chosen as the stop-
ping criterion for the iteration of the hypothetical manufac-
turing tool for the calculation method according to ISO 6336 
3:2019 Method B (Ref. 14). For the tooth root stress calcula-
tion using the tooth contact analysis Stirak (version 4.3.2.6), 
a resolution of 30 rolling positions per pitch was used. This 
is a compromise between the required calculation time and 
the resolution accuracy. Any increase in the number of rolling 
positions reduces the distance between the selected contact 
line and the desired pulsator diameter dPuls, thus improving the 
calculation accuracy. On the other hand, the required calcula-
tion time is increased as a higher number of rolling positions is 
calculated in the tooth contact analysis. To compare the results 
between the two calculation methods, the tooth contact analy-
sis evaluates the maximum tangential tooth root stress under 
tensile load.

The bar chart in Figure 6 shows the calculated tooth root 
stresses of five different tooth gap contours with both calcula-
tion methods. The five selected tooth gap contours are the gap 
contours with the minimum and maximum tooth root stress 
of both calculation methods, as well as the tooth root stress of 
the median tooth gap contour from Figure 4. As can be seen 
from the bar chart, the two calculation methods provide dif-
ferent tooth root stresses for any of the five selected tooth gap 
contours. Furthermore, the minimum and maximum tooth 
root stresses of the two calculation methods occur on differ-
ent tooth gap contours. These differences can be attributed 
to the fundamental differences between the two calculation 
methods as well as to the different fitting quality of the tooth 
gap contour (see Figure 6—right). Due to the iteration of 
the hypothetical manufacturing tool for the standard calcula-
tion, a highly accurate fit of the actual tooth root contour is 
not possible for every tooth gap contour, as can be seen, for 
example, in the contour comparison of gap contour G1 in 
Figure 6. The fitting quality is defined by the stop criterion for 
the iteration nDev,median ≤ 1 μm, and by the rolling simulation of 
the hypothetical manufacturing tool for generating the tooth 
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root contour. Deviations between the measured and the used 
tooth root contour for calculation cannot be excluded. For the 
FE-based simulation, the measured tooth root contours are only 
smoothed to achieve a higher fitting quality (see Figure 6). Due 
to these limitations, the FE-based calculation tends to calcu-
late higher tooth root stresses than the standard calculation 
(see Figure 6—boxplot diagram).

In the following, the influence of the tooth root contour on 
the determination of tooth bending strength in the pulsator is 
investigated for the presented variants I to IV (see Figure 7). 
For this purpose, pulsator tests were carried out on the mea-
sured and presented variants at an ambient temperature of 
TTest = 180°C. The limiting number of load cycles in the pul-
sator was NL = 3·106 load cycles and the test frequency was 
approximately fTest ≈ 35 Hz. The tests were evaluated using the 
IAGB/Hück staircase method for a failure probability of PA = 
50% (Ref. 37). The pulsator forces were converted for the cor-
responding tooth gap contour using the calculation method 
presented according to method B of ISO 6336 3:2019 (nomi-
nal contour vs. median tooth root contour of the respective 
variant) (Ref. 14). The fracture surfaces of all variants showed 
no conspicuity. Final material tests on the influence of the 
operating temperature T = 180°C on the material structure are 
still pending.

Assuming that all variants have the same tooth gap con-
tour, the test results of all variants can be plotted on the same 
graph with the ordinates of the pulsator force FPuls (load) 
and the ordinate of the equivalent tooth root stress vF0-B 
(stress) (see Figure 7—top center). With the same load for 
all variants and assuming the same tooth gap contour, the 
tooth root stress is the same for all variants. However, this 
is not the case when considering the measured mean tooth 
contour of the variants. In this case, the variants can only be 
plotted on a graph with only one ordinate, the load or stress 
(see Figure 7—top right). For example, the consideration of 

variant IV shows that by considering the median tooth root 
contour, the top load level is reduced by DvF0-B,IV = -44.5 N/
mm2 compared to the assumption of the nominal contour. 
On the other hand, considering the median tooth root con-
tour makes only a small difference in variant III. This is due 
to the smaller deviation between the nominal contour and 
the median tooth root contour (see Figure 4). This differ-
ence becomes particularly clear when comparing the vari-
ants (see Figure 7—bottom center). Considering the median 
tooth root contour, the mean bending strength of variant IV 
is reduced by DIV = 3.3%, whereas the tooth bending strength 
of variant III remains almost unchanged. The difference 
in tooth root stress between variant III and IV is DvF0-B,IV 

III,nominal contour = 54.8 N/mm2, using the nominal contour, and 
is reduced to DvF0 B,IV III,mean tooth root contour = 10.6 N/mm2 when 
the respective mean tooth root contour is considered. 

This means that the two variants are much closer to each 
other due to the consideration of the mean tooth root con-
tours. This change shows that the geometrical influence 
should be included in the evaluation of durability tests focus-
ing on material and heat treatment, as it is not a material 
influence but an influence of the manufacturing process chain. 
A further improvement in the evaluation of material tests 
for tooth bending strength could be achieved by considering 
the actual tooth gap contours. However, this would require 
an adaptation of the test procedure to obtain a constant step 
distance, as a constant step distance is a requirement for the 
evaluation according to IAGB/Hück (Ref. 37). An alternative 
is to use another evaluation method, such as maximum likeli-
hood, which does not require a constant step distance for the 
evaluation (Ref. 38). However, statistical research has already 
shown that a maximum likelihood estimation does not provide 
estimates of mean and variance that are true to expectation, 
making this method of limited use for determining fatigue life 
values (Ref. 39).

Figure 7—Influence of the tooth root contour on the determination of tooth bending strength in the pulsator.
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Summary and Outlook
The investigation of various combinations of materials and heat 
treatments is usually carried out by the evaluation of S-N curves. 
When generating S-N curves for the tooth bending strength, 
the influence of deviations around the tooth root should be 
considered so as not attribute the influence of manufactur-
ing deviations to the S-N curves of the investigated materials. 
Unfortunately, an evaluation of the test gear quality is usually 
only carried out for the area of the tooth flank by means of ISO 
1328-1:2013 due to the lack of a uniform evaluation standard 
for the area of the tooth root. Accordingly, stress-increasing 
effects, such as tooth root radius changes due to deformations 
from different heat treatments, are often not considered.

For this reason, the objective of this study was to investigate 
the influence of geometry deviations around the tooth root 
when determining the tooth bending strength. In the first step, 
geometry deviations of various test gears of different material-
heat treatment combinations were measured. The analysis of 
the deviations showed that a grinding process can reduce the 
geometric deviations after heat treatment. Furthermore, the 
extent of the geometric deviations depends on the material-
heat treatment combination. To reduce sources of error and 
standardize the stress calculation, the tooth root stress calcula-
tion was then automated with the consideration of measured 
tooth gap contours using an FE-based method and the pro-
cedure according to ISO 6336 3:2019. With the aid of the 
automated calculation method, it was possible to show that a 
consideration of the measured tooth gap contours is necessary 
when comparing different material-heat treatment combina-
tions with non-ground tooth roots. Without taking the mea-
sured tooth gap contours into account, the evaluation of differ-
ent variants is only possible with a high degree of uncertainty, 
since the material difference is not exclusively examined, but 
is superimposed by the influence of the different tooth root 
geometries. Therefore, the recording and consideration of the 
tooth root contours is necessary for the determination of the 
tooth root strength of different materials and should be con-
sidered in every material investigation.

Currently, there is neither a standard for the evaluation 
of the tooth root contour, nor have systematic investiga-
tions been carried out on the influence of contour deviations 
in the tooth root area, with the focus on the tooth bending 
strength. Therefore, investigations to determine quantifiable 
measured variables that can be used to evaluate the gear qual-
ity in the tooth root area are necessary. Based on these find-
ings, an evaluation standard for the area of the tooth root can 
then be derived. Furthermore, a test specification for carrying 
out tooth bending strength tests would increase national and 
international comparability. Due to the statistical differences 
between different evaluation methods, a uniform test pro-
cedure and evaluation are necessary to ensure comparability 
between different studies.
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