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Spiral-bevel gears, found in many machine tools,
automobile rear-axle drives, and helk'opter transmissions, are
important elements for transmitting power. However, the
basic mechanisms which govern the major failure modes of
spiral gears are still not fully understood. Because of the com-
plicated geometry of spiral-bevel gears, the analyses are con-
siderably more difficult than those conducted earlier for spur
and helical. gears. In military applications, such as the
transmissions used in V ISTOL aircraft, gears are often de-
signed under conditions very close to the failure limits for
maximum power density. A thorough understanding of
spiral-bevel gears under critical operations is urgently needed
to prevent premature failure.

Gear failures usually fall into two categories, structural
failures, which include flexure fatigue, tooth breakage, case
crushing, and lubrication-related failures, which include wear,
surface pitting, and scuffing. Among these types of failure
modes, lubrication-related failures are much more difficult
to predict since the basic mechanisms are still not fully
understood. Current methods used for predicting gear pit-
ting and scuffing are mainly empirical and are not completely
reliable. Recent failure tests of gears and rollers strongly sug-
gest that surface pitting as well as sculling are criticalJy in-
fluenced by lubricant film thickness and surface 'temperature
in the gear teeth contact. To develop improved methods for
failure prediciton, it is important to develop accurate tools
to determine the film thickness and surface temperature.

In this article a computer method is first described for deter-
mining the dynamic load between spiral-bevel pinion and gear
teeth contact along the path of contact. The dynamic load
analysis is neoessary because it governs both the surface
temperature and film thickness. Computer methods for deter-
mining the surface temperature and film thickness are then
presented along with some results obtained for a pair of
typical spiral-bevel gears.

Symbols

{D} displacement column vector for pin-
ion or gear in x, y, zcoordinates, m
or rad (ft or rad)

[Dej;]

~DKjl
Fe
Fr
Ix",ly" /z·

displacement column vector for pin-
ion or gear in x', y', z' coor;dinates,
m or rad ({tor rad)
elastic compliance matrix, miN
(ftllb)
bearing stiffness matrix, N/m ([b/ft)
teeth contact force, N (lb)
bearing force, N (lb)
polar moment of inertia about x', v:
z' axes, kg·m2 (slug·ftl)
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I', j', k~ unit vectors along x', s: z' axes
mass of pinion or gear shaft, kg (slug)
position vector of the teeth contact
point with respect to the mass center,
m (ft)
position vector of the bearing sup-
ports with respect to the mass center,
m (ft)

average input torque, average output
torque, Nsrn (ft·]b)
fixed coordinates with origin at the in-
tersection of two shafts
fixed coordinates with origin at the
mass center of the pinion or gear
moving coordinates along the prin-
cipal axes of inertia of pinion or gear
displacements o.fmass center of pinion
or gear, m (ft)

angular displacements of pinion or
gear, rad
angular velocity of pinion or gear
shaft, rad/sec

m

x. Y, Z

x, y, z

x; v: z·

w

Subscripts:
g
p

gear shalt
pinion shaft
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Fig. ~- Geometry and mathematical model of spiral-bevel gears.

Dynamic Load
Equations of Motion

Figure 1 shows the model used for deriving the equations
of motion to simulate the steady-state, periodic motion of
both pinion and gear as well as the tooth load during a typical
cycle during which a pair of teeth traverse through the zone
of action from point A to. point C. In developing the equa-
tions of motion, the pinion and gear are assumed to. be rigid
bodies each having 6 degrees of freedom. The supporting
radial and thrust bearings are assumed to be flexible with
known spring stiffnesses, At the contact of each mesh, the
teeth are assumed to. be connected by a linear spring, which
is oriented normal to. the contact point and has a stiffness
to be determined separately by a finite-element model,

Based on Newtonian mechanics, it is shown (ref. 1) that
the equations governing the pinion motion can be expressed
in a moving coordinate axes xI" lip, z'P' which are instan-
taneous principal axes of inertia of the pinion. However, the
pinion is not fixed in the axes x'p' y'P' z'", but rotates about
the y'p axis with a nominal angular velocity w". The two
vectorial equations of motion for the pinion are

M NE: F,pi+ E Fepi= mp(x~pip+ J;pJp + i~pkp)
;= 1 i-I

M N
E r,piX Frpi+ ErCpiX Fepi +Tin = (lx'pO>p-JY'pw,J1l.'p)lj,
i=,1 ;=1 .

(1)

(2)



where M is the total number of bearing forces acting on the
pinion shaft and N is the total number of contact forces.

Similarly, the equations of motion for the gear can be ex-
pressed in the coordinate axes X'g, Y'g. 2:'g, and the gear
rotates about the X'g, axis w:ith a nominal angular velocity,
wg. The two vectorial equations for the gear appear as

M N
E r,.gjx Frgi+ E FegiX Fegj+Toul;; Ix·gOx·gig (4)
i= I i= I

In these four equations of motion, IFrpi and F'rqi are the
bearing reaction forces for the pinion and gear. These can
be expressed directly as the product of the stiffness and the
displacement vectors in matrix form as

[F·J ;;- IIDK -] [DlrJ, . J , I

(5)

The tooth contact forces F'epi and Feqi at the contact point
are equal and opposite forces, and Feq,· in matrix form 'can
be expressed in terms of the combined teeth elastic com-
pliance matrix [Deijl and the displacement vectors {D],
and {D}s as

!Fell. = - ([DCj;], + [DCjilp) -Ie [DG/1~!Dlg + [DGjJpIDlp)

(6)

Substituting equations (5) and (6), into equations (1) to
(4), one obtains a set of 12 equations which can be put in
the following matrix form:

(7)
+ [K]+ [C] =lRlIml

The details of matrix [m!, [eli. [kI, and (R} can be found in
reference 2.

It was also found that. the rotational equations governing
the perturbed gear rotation (J'Tg and the pertubed pinion
rotation O'!lP can be combined into one equation 'to solve for
the relative angles (J'yp and (J'x·g. Thus, the reduced system
becomes a set of 11 equations which are solved by Runge-

Kutta procedure for the displacements of pinion and gear
mass center and their small. angular rotations.

In implementing these equations, the information needed
includes

(1) The tooth contact position asa function of the
relative rigid body displacements of the two shafts

(2) The direction of normal vector at the contact point
(3) The combined stiffness of the teeth at the contact

point
The teeth contact position and the direction of the contact-
ing normal vector are obtained from a computer code (ref.
3). Because of the geometric complexity of spiral-bevel gears,
calculations of combined teeth stiffness are not as simple as
those shown in reference 4 for spur gears. For this study, a
large-scale finite-element program is used to calculate the
deformation due to a unit load at various contact points in
the zone of action for a given set of spiral-bevel gears.

Tooth Deflection

For most gears the contact ratio is greater than one, and
the load is, in general, not equally shared among the pairs
of teeth in contact because the system is a statically indeter-
minate case. Therefore, one must consider the teeth deflec-
tion under the load For each pair in order to determine the
load sharing characteristics among, the pairs.

Because of the complexity of the spiral-bevel gear
geometry, there is no simplified method currently available
to calculate the tooth deflection. In order to investigate 'the
system response, shaft deformation must also be included in
the calculation of tooth deflection, Therefore, it is more dif-
ficult to calculate the tooth deflection by some simple equa-
tions. A numerical solution using finite-eJement method is
used to overcome these difficulties.

Some of the recent work (I'efs. 5 and 6) has proven that
the finite-element method yields better results i.n determin-
ing tooth deflection. However, most of this work dealt with
two-dimensional problems and did not include the whole gear
body.. In the present work the spiral-bevel geometry
necessitates the use of a three-dimensional, finite-element
code. Figu:re 2 shows a typical ,eight-node, solid-elemenl grid
pattern for a 'typical spiral-bevel gear and a pinion with three
adjacent teeth attached to the gear wheel and shaft. Figure
3 shows a central tooth and its attached ring element of gear.
Figure 4 shows parts of a gear shaft and gear wheel. Figure
5 shows whole ring elements with three adiacen] teeth of pin-
ion. Figure 6 shows the elements of pinion shaft. Only the
central tooth is loaded to calculate the deflection. There are
941 nodes, 562 elernentsIor the gear model and 1029 nodes,
584 elements for the pinion model. Using these grids, one can
readily compute the deflection 0 under a load P' applied at
any grid point on the tooth surface. For this analysis the
MARC-CDC program was used; the boundaries are con-
sidered to be fixed for all the points connected to the thrust
bearing to eliminate rigid body displacement; and the bound-
ary nodes connected to the radial bearing were allowed to
move in the direction of the rctatlonal axis.

The stiHness at grid point i is defined as:
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The stiffness of a point other than a grid point on the tooth
surface can be calculated by the interpolation method. The
combined stiffness at the contact point is found to be

Results of Dynamic Load

A series of solutions were obtained to simulate the dynamic
response of a set of spiral-bevel gears currently being tested
at NASA Lewis. The data for this gearset and the lubricant
data are listed in Table L Effects studied include the running
speed, shaft misalignment, and system damping ..These results
are presented in this section. The dynamic response is express-
ed by a dynamic load factor defined as the ratio of the max-
imum dynamic load along the contact path to the average
static load. This factor is plotted as a function of speed with
diHerent damping ratios and contact ratios.

Fig .. 2- Typical section of [inite dements of gear segment.

Fig. 3-Cenler tooth elements and attached ring elements of gear.
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:Fig.. 4 - Elements for segment of shaft and wheel.

TABLE I.-GEA~ AND LUBRICANT DATA

Gear data:
Number of teeth:

Gear 36
Pinion 12.

Pitch angle:
Gear 71°34'
Pinion 18 "26'

Shaft angle. deg 90
Spiral angle .. deg 35
Diametral pitch 5.14

Standard ope-rating conditions:
Gear rpm 5000
Pinion rpm 15 000
Load at pitch point. N (lb) 11 800 (2~)
Ambient temperature. OCt OF) . . . . .. . 37..8 (100)

Geometry dimensions (see Hg. 25). m (in.):
DGG - 0..1658 (6.527)
ROG . . . . . . .. . 0..0.7620.(3.0.)
RIG 0..04336 (1.70.7)
RZG 0..1964 (7.733)
DGP 0...2515 (9.901)
ROP 0..07620 (3.0}
RIP 0..09311 (3.6656j.
RZP 0...1987 (7.824)

Gear material data-
Mate~iaJ .... T' .:.j .. ..... .... .......... .. .. .. .. .. .. ..... steel
Density, g/cm (lb/in ). . 7.81 (0..282)
Thermal conductivity at 311 K (100 oF).
W/mK (Btu/sec'in*oF) 46.7 (0..000625)

Young's modulus, GPa. (psi) 20.7 (3D 000 000)
Poisson ratio i.' i.' 0..3
Surface convectivity, W/m 'K (Btu/sec.in OF),

Oil jet. 397 (0..000135)
Oil/air mist 19.8 (0..00000765)
Air 3.97 (0..00000135)

Lubricant data:
Materia.1 .. : : superrefined, n.allhthenlc, mineral oil
~mlc VISCOSItyat ~1l K (lo.1rF) ': CJj (lb sec/In ) 64.7 (0.00000938)
Densuy at 311 K (100 Fl, g/em (lb/in ) 0..61 (0..0.22)
Thermal conductivity at 311 K (1,00"F).

W/mK (Btu/sec in OF) 0.125 (0..00000168)
Pressure viscosity coefficient. 0/. m2/MN (Ln2Ib) 0..0.23 (0..00016)
Temperature-viscosity coefficient, {3. K (OR) 3890 (7000)
Viscosity-pressure temperature relations = p.oexp{O/p+{3[(l1 n- (11To) J}



Fig. 5 - Elements of three pinion teeth and rim.

Fig. 6 - Elements of pinion shaft.
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Fig. 7 - Stiffness variation along contact path.

Dynamic load Variation
For constant input torque the load 'on the contact point

of the two meshing teeth along the path of contact is not con-
stant; this load variation is mainly caused by the following
factors:

(1)The variation of stiffness, along the contact path
"2 ) The 'transition from single pair of contacts to double

and from double to single
( 3 ) The eHective radius not constant along the contact

path.
Figure 7 shows the variation of stiffness for the transition of
contacts,
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Fig. a-Dynamic load variation along contact path. Central contact posi-
tion. Wg = 50 rad/sec.
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tion, Wg = 150 rad/sec,
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Fig. 1.0- Dynamic load variation along contact path. Central cont ct po i-
lion. Wg = 300 rad/sec,

The main excitation to the gear system comes from the
periodkalchange Ln teeth stiffness due to thealternating
engagement of single and double pairs of teeth. The frequency
of this excitation force expressed as a meshing frequency
depends on the operating speed. Therefore, it dominates the
resulting mode of vibration. Figures 8 to 11 show dynamic
load variation at four djfferent speeds in the case of central
contact; that is, the contact path located centrally between
the toe and heel of the tooth.
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Since there are 11 degrees of freedom in the system, 11
resonating frequencies of the system should exist. In the low-
speed region where the exdtation frequency from the change
of stiffness is much lower than all resonating frequencies, the
dynamic load response along the path of contact is somewhat
like static load superimposed by an Oscillatory load due to
the system's resonating frequency.

When the speeds are near the resonance region (Figure 8),
the dynamic load response becomes very severe (Figures 9
and 10). The maximum dynamic load is much higher than
the static load, which is the case when overloading occurs.
Sometimes the oscillation of dynamic load will make meshing
teeth separate when the load becomes negative and thus will
generate noise and surface fatigue.

As the speed increases beyond the zone ,of resonating fre-
quencies, the dynamic load becomes smoother along the con-
tact path, and the value is less than the static load (if the
contact ratio is greater than one). The variation ,of dynamic
load at this region is out of phase with the change of the teeth
stiffness (Figure 11).

Effect of Shaft Misalignment
When the assembly errors are introduced in the system,

the contact bearing will shUt to either end of the tooth
surface. (7) Figure 12 shows the typical paths of central con-
tact, toe contact, and heel contact. Usually thecentral con-
tact is desired because it can tolerate more possible running
position errors and avoid edge contact. The dynamic load

_ - .• - Without elastic deformation

I!'IE[~
CONTACTTOE

C~TACT

0.2 0.4-0.4 ·Q2 ·0.0
TOE HEEL

Fig. ]2 - Typical contact. path for central, toe, and heel contact positions.
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Rg. IJ-Dynamic load variation along contact path. Toe centactpesition,
«Ig = 523 rad/sec,
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Fig. 14 - Dynamic load variation along contact path. Heel contact position,w; = 523 rad/sec.

response of 'toe and heel contact is shown in Figures 13 and
14. The change of the contact bearing born center to either
edge will also change the contact ratio of the system because
the tooth surface is not a perfect involute along the profile
direction and is mismatched along the lengthwise direction.
In the current example the contact ratio for the toe contact
is 1.26, the central contact, 1.16, and the heel contact, 1.0.
In this case, if the contact bearing is moved farther toward
the heel region, there would be no tooth contacts between
the time when the previous tooth finishes the contact and
the current tooth goes into the contact zone (discontinuity
in tooth mesh). This situation would cause very large im-
pact force which would generate noise and severe damages
to, the tooth surface. The effect of the tooth contact ratio on
dynamic response is shown later.

Contaot Path Variation Due to Dynamic Response
In addition to showing the contact paths due to the

assembly errors in the system in Figure 12, the real contact
path, not only due to the assembly errors but also to the run-
ning position errors induced by the dynamic responses, is
plotted in the same figure. \>\/hen this real contact path is com-
pared with that caused by the assembly errors and running
position 'errors induced by the average static elastic defor-
mations, the deviation is found to be surprisingly small. One
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Fig. lob-Contact ratio, 1.33.
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explanation of this small difference might be that the
displacements changes due to the dynamic oscillation are
small and that they do not produce a, large change in contact
path compared with those caused by the static displacements
only. The closeness between these two contact paths suggests
.that one can use average static elastic deformation to calculate
contact path, which can be used directly 'to solve for the
dynamic load and lubrication problems without having to
solve the dynamic load and contact path simultaneously us-
ing an iterative technique. The elimination of this iterative
procedure greatly reduces the computation time.

Effect of Speed
Once the physical conditions of a gearsetare determined,

the dynamic response depends on the operating speed. For
the system of 1degree of freedom, such as spur gears, the
maximum dynamic load occurs when the meshing frequency,
which depends on the operating speed, is near the system
natural frequency. Some peaks of dynamic load are caused
by the varied meshing stiffness along the contact path, and
they appear at meshing frequencies lower than the system
natural frequency. The dynamic load factor, defined as the
ratio of maximum dy-namic load to the average static load,
is plotted against the gear speed to illustrate the efFect of speed
in Figure 15. Since there are 11 degrees of freedom in the
spiral-bevel gear system, more peaks of dynamic load are
expected.

The highest dynamic load appears to occur near the natural
frequencies that correspond to the mode associated with a
larger displacement in the motion along the line of action.
The frequency marked t in Figure 15 shows the system
natural frequency causing a larger displacement in the mo-
tion along the line of action, and the one marked I shows
the system natural frequency with a small displacement in
that motion. It is clearly shown that the dynamic load fac-
tor at the frequency marked I has a peak response and that
the response at the natural frequency marked ,I is not
necessarily a peak.

Effect of Contact Ratio
The contact ratio is defined as the ratio of the duration

Fig. 16c-Contact ratio. 1.72.
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COMPUTER SOLUTIONS ....
(continued from page 15)
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Fig. 17 - Dynamic load variation along contact path. Damping coeffident,
4378 N's/in (25 Ib-a/in): contact ratio, 1,72.
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:Fig, 18 - Dynamic load factor versus gear speed. All damping coefficients,
6129 N's/in (35 lb-s/In): contact ratio, 1.16.

for one tooth going through the whole contact zoneto the
duration of a periodic meshing cycle. It is believed that the
load sharing characteristics caused by more than one tooth
in contact will reduce the static load. The dynamic load fac-
tor due to the effect of contact ratio is shown in Figure 16.
It can be seen that the maximum dynamic load factor does
not change much. However, the effect of contact ratio is
Significant in high-speed region, where the load is spread out
averagely between meshing teeth path. A typical dynamic
load variation with a high contact ratio along the contact path
is shown in Figure 17.

Effe,ct of Damping
Since the damping forces are usually not known in the gear

system, three arbitrary values are chosen for the damping
coefficients: 2627,4378, and 6129 N"sec/m (15, 25, and 35
lb-sec/m). These values are selected to give a range of non-
dimensional damping ratios corresponding to those com-
monly used in spur gears (0.1 to 0.2). The nondimensional
damping ratios that correspond to the above three damping
coefficients are 0,087,0.14. and 0.203. The dynamic response
for these damping cases can be observed from Figures 15,

26 Gear Technology

16(a), and 18, It is expected that the larger the damping force,
the smaller the dynamic load factors will be in the resonance
region. The large damping force will also level off the peak
of dynamic load factor in the subresonance region, and there
is no effect to the dynamic load factor due to damping force
in the superresonance region.

Lubrication of Spiral-Bevel Gears
It is well accepted that the two major modes of gear failure,

surface pitting and scuffing, are most strongly related to
lubrication at the contact. Considerable gains in pitting life
can be realized if the ratio of the lubricant film thickness to
the surface roughness is increased. The knowledge of film
thickness is believed to be essential for developing new
analytical models for the prediction of surface durability for
spur and helical, as well as spiral-bevel, gears. The variation
of film thickness along the path of contact is mainly controlled
by the local inlet lubricant viscosity, the local entrainment
velocity, and the local. contacting load. The local inlet lubri-
cant viscosity in turn, depends on the bulk surface
temperature at the inlet of the contact. Since the bulk sur-
face temperature is directly controlled by the sliding heat
generated by the sliding tractive force which is, in tum, af-
fected by the film thickness, the temperature and film
thickness are mutually dependent and are solved
simultaneously. The approach used in solving the
simultaneous film thickness and bulk surface temperature is
very similar to that used by Wang and Cheng'" with the ex-
ception that the three-dimensional, spiral gear geometry
necessitates the use of the point contact EHL theory for the
film thickness and a three-dimensional, finite-element
temperature code for the temperature influence coefficients,
which are required for calculating the bulk surface
temperature.

lubricant Film Thickness
In determining the lubricant film thickness, the quasi-

steady-state model is used, and the transient squeeze-film ef-
fect, which was included in a previous work for spur gears,
is neglected in this film analysis for spiral-bevel gears, The
neglecting of this squeeze-film effect is justified on the basis

fig. 19-Equivalent EHL point contact for spiral-bevel pinion and gear.
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that it was shown by Wang and Cheng in spur gears to be
a secondary effect.

The contact of a spiral-bevel gear and pinion set can be
seen in Figure 19. in which there is ,effectively a flat plane
contact with a body, whi.ch is described by the differenc,e of
the neighboring surfaces between gear and pinion at contact
point. This curved body has effective radii R", and Ry along
the principal axes, x and y. respectively. Under a load P. the
surface near the flat plane will deform to an elliptical shape
with s.imimajor axis III and semiminor axis ,b. The velocities
of the pinion and gear at the contact point are V,. and Vg,

The ellipticity parameter is defined as alb. The nummum film
thickness in the contact zone, following Hamrock and
Dowson(81, can be related to Dowsen-Higginson's line con-
tact so·lution(9) by the 'equation

Hmin :;Hmin.1 (l.O-1.6e-Cil•6H1 (10)

Upx = Vp cos fJp

upy;;;:'Vp sin 9p

ugx:; Vg cos 9g

ul)' = Vg sin 9g

Y. +vu = Py ,gy)' 2

v=.Jv;+ V;
where

I-lmin•1 dimensionless film thickness of Dowson-
Higginson solution

Vp, Vg velocity of pinion or gear tangent to contact
plane

(JP.fJ, angle between pinion or gear velocity and yaxis

The dimensional h",,,,,1 can be expressed as

. .. RO.43
hmin,l= 1.60:0.6 (?l'0V)0,7 E'O.03~ (11)

where

0: pressure viscosity coefficient

"10 viscosity taken at bulk surface temperature
W effective line contact load per unit length
E' [0 - ...~)/2E1 + ([ - ·...il/2E21-1

It is important to note that 710' W, k, and V are variables,
along the contact path. The V depends on the gear
kinemajics, a and b depend on the gear geometry; and 710
depends strongly on the local bulk surface tempel:"ature whJch
is, in tum, influenced by the local HIm thickness 'through the
frictional heating. Thus. the film thickness and the bulk sur-
(a.ce temperature are interdependent and are solved as a
coupled system.

Bulk Temperatw-e
Before the gear system starts to operate. all elements are

in ambient temperature. Then the temperature builds up as
gears are running, due to 'the frictional heat generation. After
a sufficient period of running. the gears reach a steady-state
temperature, that is, the heat flux. flowing Inro the body
equals that flowing out of the body. At each revolution th
tooth is subject to the same heating condition. Since the time
period of each contact point in the contact zone is only a
very small fraction of the period of revolution, the local
temperature jump (flash temperature) is completely damped
out before it enters the contact zone at the next revolution.
An average heat input over one revolution wiU be used '10
calculate the temperature rise of the body at th steady state.

The heal input is due to the heat genera.ted at the instan-
taneous contact ellipse. and the amount depends on the load
and the shear force of the lubricant. The heat flux flowing
out of the body is due to the heat convection to surrounding
air and lubricant. The relative importance of 'the heat-transfer
coefficientat differene surface areas was discussed by Patir
and Cheng and Townsendand Akin(IO III; m in spur gear
systems. They also revealed the significant effect of lubrica-
tion method on temperature distribution. In this study, the
oil-jet impingement depth is assumed to cover the whole area
of contact side. which can be obtained by using a properly
placed pressurized oil jet. The heat-transfer coefficients a'i
other various areas are estimated to calculate the bulk
temperature.

A three-dimensional, firute-element program is used to
calculate the temperature coefficient. The mesh of the system
includes gear shaft, gear body. and contact tooth with one
adjacent tooth Ln both sides. The eight node element. which
is used for the elastic deflection. is also used here for the bulk
temperature. However. the boundary conditions are dif(erent.
In the temperature analysis all surfaces are subject to heal
convection with different heat-transfer coefficients.

The heat-transfer coefficient hi is assigned to 'the contact-
ing tooth fa.ce which is oil-jet cooled. The ,top land, bottom
land. and another side of the tooth surface. which are not
cooled by the oil jet, have a heat-transfer meHicient h, for
air or air Ioil mist. Since only three teeth are made in the
model, there is a surface region A (Figure 20) that covers the
surfaces where the teeth are taken off and. the bottom land
which is in between these teeth. The heat-transfer coefficient
,at this region A is given value h" which is the same as tha.t
of the coefficient for the surface cooled by the oil jet. The

MarchI AJ:)rlll19S6, .27



reason is that, because there is an oil-jet-cooled surface on
each tooth, most of the heat will flow out of the tooth from
this surface (h;»hl). AU the other convective surfaces of the
gear system are given a coefficient h, (Figure 20). The
theoretically estimated values of h. and hi can be found in
references 12 and 13. However, the estimated values of h$'
hi' and hI' based on the experimental results(lll, are used in
this study.

There are 30 nodes created in the contacting surface. A
unit heat flux is applied to the grid node i. The temperature
distribution in this surface due to the heat flux is Tij, which
is the temperature at the grid node j due to the heat flux at
node i. By the interpolation method, the temperature at the
contact point rn, due to the unit heat flux at the contact point
n (~J can be obtained in terms of Tji. Once the contact
path is located and the heat flux flowing into each body at
each contact point is calculated, the bulk temperature at the
contact point m can be found as

Tm,B= E T~"Qn fI= I, ...• kmax

where kmlU is the total number of contact points along the
contact path.

The heat generation term Qn is based on the recent trac-
tion models developed for EHLcontacts by Johnson and
Tevaarwerk(4

), Bair and WinerUS), and DysonU61• AU three
models are incorporated as subroutines in the bulk
temperature calculation. Because there is alack of the
rheological constants for gear oils in the Johnson and
Tevaarwerk's model and Bairand Winer's model. the limiting
shear stress formula developed by Dyson for mineral oils in
general is used first to obtain some preliminary results for
the bulk temperature.

Rash Temperature
During meshing each tooth faoeexperiences a. sudden

temperatue increase (flash temperature) due to the frictional
heat developed at the contact moving along the tooth face.
This temperature rise is restricted in. the instantaneous con-
tact area and disappears very rapidly as soon as this instan-
taneous area of tooth face is out of contact. Usually, this

Fig. 20 - Convective heal transfer coefficients for iI three-tooth model for
a spiral-bevel gear or pinion.
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temperature is very high and is a contributor to the gear scuf-
fing failure.

The first. successful prediction of flash temperature, intro-
duced by BJokU7l, is based on the heat-conduction analysis
in a semi-infinite body with a unifonnly distributed moving
heat source. Iaege/181 solved the problem of a moving
source of heat with variable heat source and variable velo-
dty. Archard introduced a simple harmonic mean to obtain
the interface temperature. A refined solution including a local
heat partition coefficient between a pair of disks was derived
by Cameron, et al.(19).More recently, Francis(20)made a fur-
ther refinement in Blok's calculation by considering a variable
heat flux in the contact.

Archard showed that when the Peelet number, vRla, is
greater than 10, the heat flow in the direction perpendicular
to sliding may be neglected. The temperature distribution
within a heat source of finite area can be determined by
dividing the whole contact area into differential strips parallel
to the sliding direction. And the temperature profile a10ng
each strip is the same as that of an infinitely long band source
(in the perpendicular direction to sliding) of width equal to
the strip length and has the same heat flux profile along the
strip.

For the division of heat between the two contacting sur-
faces, an average heat partition factor is used throughout the
entire contact region. The average heat partition factor is
determined by a method suggested by Francis(2Q)for a thin
film with heat generated at the midHlrn. Once the average
partition factor is known, the flash temperature within each
strip is caJculated by the method suggested by Cameron, et
al., (19) assuming a uniform heat source within the strip.
Details of this procedure are documented.i"

Reswts of lubrication Performance
The same set of gears used for the dynamic load calcula-

tion are used here to demonstrate calculation of lubrication
performance. Results were obtained for a range of operating
conditions to determine the effect of speed, load, lubricant
viscosity, and ambient temperature on the film thickness, bulk
temperature, and flash temperature. A sample of results is
presented here. More complete results can be found in
Reference 2.

The sliding velocity decreases from the beginning of the
contact path where the gear tip contacts the pinion root, un-
til the contact point is near the pitch point where the sliding
velocity becomes zero. Then the sliding velocity increases all
the way to the end of the contact path where the pinion tip
contacts the gear root. The current set of gears has the feature
that the sliding velocity at the end of the contact path is larger
than that at the beginning of the contact path; this fact creates
a situation that more heat is generated at the end of the con-
tact path.

A typical distribution of bulk temperature along the con-
tact position is shown in Figure 21. The bulk temperature of
the pinion is always larger than that of the gear because the
pinion speed is three times faster than the gear speed and
receives more heat per unit time than the gear does. Although
the temperature coefficients are higher near the gear tip, the
maximum bulk temperature of both gears occurs at the end
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Fig. 21- Typical bulk temperature distribution for pinion and gear. Con-
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of the single-tooth contact point where the maximum heat
is generated. A distribution of the total flash temperature for
the same case is plotted in Figure 22. The minimum flash
temperature occurs at the pitch point where the sliding veloc-
ity is zero. For this high-speed case the variation .of dynamic
load is less pronounced along the contact path. The rise of
flash temperature on both sides of the pitch corresponds
directly to the variation of sliding speed at the contact. The
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Fig. 22- Typical total flash temperature distribution for pinion and gear.
Contact position, CoolS' 523 rad/sec.
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Fig. 23- Film thickness distributions.

slight decrease at the end .of the contact path is attributable
to the decrease in dynamic load in this region.

Figure 23 shows the distributions of film thickness for four
different gear speeds. No excessive variations are seen along
the contacting path. A moderate peak is evident at the pitch
point for the high-speed cases, and this is associated with the
slight drop of bulk temperature at the pitch point. The steady
rise of film thickness along the contact path is due to the in-
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Fig. 24 - Effect of lubricant viscosity on lubrication pertormance.
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FIg. 2S -!...abets for distances between pinion and gear. mass centers 10 bearing
supports.

crease in the entrainment velocity. The final uptrend of film
thickness near the end of contact is again. due Ito the decrease
in bulk temperature.

finally, the effect of increase in ambient viscosity on the
minimum film thickness, hmil1, maximum bulk temperature
as well as total flash temperature is demonstrated in Figure
24. As expected. an increase in viscosity would improve
lubrication performance with a much thicker HIm thickness
and a slight drop in both bulk and flash temperature.

Concluding Remarks
A computer solution to the dynamic load in a pair of spiral-

bevel gearsets was developed by solving the equations of
motion for the pinion and gear shaft. An existing finite-
element code was used to calculate the combined stiffness of
the contacting pinion and gear teeth as a function of con-
tacting position in the zone of action. ]n addition to the
dynamic load analysis, a computer solution was also
developed to predict 'the bulk surface temperature, the flash
temperature, and the film thickness along the contact path.
An existing finite-element heat code was also used. to calculate
the temperature lnfluence coefficients from which the bulk
surface temperature is calculated. Both the lubricant film
thickness and the sliding traction are calculated from the
recent findings in EHL theories.

Results were obtained tor a set of experimental spiral-bevel
gear currently being tested at the NASA Lewis Research
Center. The results of dynamic load tests show that there exist
numerous peaks in the variation of dynamic load against the
gear shaft speed. These fluctuations correspond reasonably
well with the critical frequencies of the system. The envelope
of the peaks suggests that the highest dynamic load occurs
somewhere near the critical frequency corresponding to the
rotational mode oscillations of the two gears.

30 'Gear Tec'hnology

Results of the Him thickness show that its variation along
the contact path is not large and that it is caused mainly by
the increase in the entrainment velocity and the change in
bulk surface 'temperature, The total nash temperature varia-
tion is controlled by the sliding velocity and has its maximum
near the end of the contact path where the transition from
double to single mesh occurs. Effects of operating variables
on the minimum film thickness and maximum surface
temperatures along the contact path can also be obtained
readily wi.th this program. Results for the effect of ambient
viscosity show trends consistent with those anticipated from
exiting EHl theories.
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