
BACK TO BASICS. • •

Gear Design
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A gear can be defined as a toothed wheel which, when
meshed with another toothed wheel with similar configura-
tion, will transmit rotation from one shaft to another.
Depending upon the type and accuracy of motion desired,
the gears and the profiles of the gear teeth can be of almost
any form.

Gears come in all shapes and sizes from square to circular,
elliptical to conical and from as small as a pinhead to as
large asa house. They are used to provide positive transmis-
sion of both motion and power. Most generally, gear teeth
are equally spaced around the periphery of the gear.

The original gear teeth were wooden pegs driven into the
periphery of wooden wheels and driven by other wooden
wheels of similar construction ..As man's progress in the use
of gears, and the form of the gear teeth changed to suit the
application. The contacting sides or profiles of the teeth
changed in shape until eventually they became parts of
regular curves which were easily defined.

To obtain correct tooth action, (constant instantaneous
relative motion between two engaging gears), the common
normal of the curves of the two teeth in mesh must pass
through the common point, or point of contact, of the pitch
circles of the two wheels, Fig. 1-1. The common normal to a
pair of tooth curves is the line along which the normal
pressure between 'the teeth is exerted. It is not necessarily a
straight line. Profiles of gear teeth may be any type or types
of curves, provided that they satisfy the law of contact just
defined. However, manufacturing considerations limit the
profiles to simple curves belonging to the circle group, or
those which can be readily generated or f.orm cut, as with
gear cutters on standard milling machines ..

Because of inherent good properties and easy reproduc-
ibility, the family of cycloid curves was adopted early (1674)
and used extensively for gear tooth profiles. The common
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FIG. l"l-For constant instantaneous relative motion between two engag-
ing gears, the common normal of thecurves of the two 'teeth in mesh must
pass through the common point, or point of contact, of the pitch circles of
the two gears.
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Fig. 1-2- The common normal of cycloidal gears is a. curve which varies
from a maximum inclination with respect to the common tangent at the
pitch point to coincidence with the direction of this tangent. For cycloidal
gears rotating as shown here. the arc B'P is theArc of Approach, and the all;

PA, the Arc of Recess.

norma] of cydoidal gears isa curve, Fig. 1-2, which is not of
a fixed direction, but varies from. a maximum inclination
with respect to the common tangent at the pitch point to
coincidence with the direction of this tangent. Cydoidal
gears roll with the direction of this tangent. Cycloidal gears
roll with conjugate tooth action providing constant power
with uninterrupted rotary motion ..One disadvantage of this
type of gear is that the center distance between mates must
be held to fairly close tolerances, otherwise mating gears
will not perform satisfactorily.

The involute curve was first recommended for gear tooth
profiles in the year 1694 but was not commonly used until
150 years later. The curve is generated by the end of a taut
line as it is unwound from the circumference of a circle, Fig ..
1~3. The circle from which the line is unwound is commonly
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Fig. 1-3-The Involute tooth form used for virtually all gearing today is
generated by the end ofa taut line as it is unwound from the circumference
'0£ a circle. The circle from which the line is unwound is the Base Circle.
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B-I_][-4- The common normal of involute gear teeth is a straight IineAB'.

known as the' "base circle". The common normal of involute
gear teeth is a straight line (AB, in Fig. 1-4). Gears of this
'type satisfy all the requirements for smonthvaccurete and
continuous motion. Gears with involute tooth profile are
very flexible in both geometric modificati ..on and center
distance variation.

There have been many other types of gear tooth forms,
some related to the involute curve, One particular type of
recent interest is the "circular arc" gear {where the profile is
an arc from the circumference of a.circle}. Pirst proposed in
t.his country by Ernest Wildhaber in 'the 1920's, the circular
arc gear was recently introduced by the Russians as the
"Novikov" tooth form .. These profiles are not conjugate.
Gears with this tooth form depend upon helical overlapping
of the teeth in order to roll continuously. This can and does
create face width size and end thrust problems,

At the present time, except for clock and watch gears, the
involute curve is almost exclusively used for gear tooth pro-
files, Therefore, except for an occasional comment, the
following discussion will cover some 'of the basic elements
and modifications used in the design of involute tooth
form gears.

RaHo
The primary purpose of gears is to transmit motion and at

the same time, multiply either torque or speed, Torque is a
function of the horsepower and speed of the power source.
It is an indication of the power transmitted through a driv-
ing shaft and from it the gear tooth loads are ealculated. The
loads applied to gear trains can vary from practically

Fig. 11-5-Ratios of the gear 'teeth in this hypothetical hoist drive would de-
pend upon weight (~to, belifted and torque (n available from the motor.

nothing to several. tons or more. Gears, properly designed
and meshed .together in mating pairs, can multiply the
torque and reduce the higher rotational speed of a power
producing source to the slower speeds needed to enable 'the
existing power to move the load. Where application requires
speed rather than torque, the process if reversed to increase
the speed of the power source.

Rotational speeds of the shafts involved in power trans-
mission are inversely proportional to' the numbers ,of teeth
(not the pitch diameters) in the gears mounted on the shafts.
With the relative speed of one member of a pair of gears
known, the speed of the mating gear is easily obtained by
the equation:

Where Np and NG = Number of teeth in pinion and gear.
np and nG = Revolutions per minute (rpm) of pi-

nion and gear respectively,

The ratio of speed to torque is of the utmost importance
in the design of gear teeth to transmitand use the power. A
typical case would involve the design of the gearing for a
hoist to raise a certain weight (W) ata uniform speed, when
making use of a motor with a given horsepower (hp) run-
ning at a given speed (rpm) and driving through a pinion
with number of teeth Np, Fig. 1-5.

Obviously, the ratio of the gear teeth and the number of
gears needed depend entirely upon the application and the
power source'.

Ve10dty
Circumferential velocity is an important factor present in

all running gears. Its value is obtained by multiplying the
circumference of a givencircle by the rpm of the shaft. [n
reference to the pitch circle .it is generally referred 10, as
"pitch line velocity" and expressed as "inches per minute" or
"feet per minute",

Circumferential velocities in a complex gear train have 3.

direct effect on theloads to be carried by each pair of gears.
As the load W, in Fig. 1-5, is shown tangent to the perephery
of the final cylinder, 50 'the loads on gear teeth are appli d
tangent to the pitch diameters and normal to the gear tooth
profile. Since the rpm's of mating gears are inversely pro-
portional to the numbers of teeth, it can be shown that the
pitch line velocities of the two gears are equal and the loads
carried by their respective teeth win also be equal.

Elements of Gear "feeth
A very excellent reference for the names, description and.

definition of the various elements in gears is the American
Gear Manufacturers Association (AGMA) Standard entitled
"Gear Nomenclature",

Pitch
Pitch is generally defined as 'the distance between equally

spaced points or surfaces .a100g 3 given line or 'curve. Ona
cylindrical gear it is the arc length between similar points on
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Fig. 1-6-CirculRr Pitch of gear teeth is the arc: length .along the pitch circle
between identical points on successive teeth,

successive teeth and is known as circular pitch (p). See Fig.
1..6. Therefore. by definition. ctrcular pitch of gear teeth isa
function of circumference and numbers of teeth, varying
with diameter and evolving into straight lLneelements as
shown in Figs. 1-7and 1-8. In Fig ..1..7 the t,eeth are shown as
heUcaI, or at an angle to the axis of the gear cylinder. If the
teeth were parallel to the axes they would be straight or spur
teeth as they are more oommonly caned. With spur teeth,
Fig. 1..7, the normal ,cir,cularpitch ..and the !transverse circuLu
pitch would be equal. and the .uial pitch (a straight line ele-
ment) would be infinite.

One of the most important pitch classifications in an in-
volute gear is the one termed base pitch, in .Fig. 1",,8.Pri-
marily,. it is the circular pitch on the perimeter of the base
circle. but by definition of the involute curve Ithe arc
distance becomes the linear normal distance between cor-
responding sides, of adjacent teeth when raised to position as
part of the taut line. In spur gears there is only one base
pitch to consider. On the other hand, in helical gears, base
pitch is definable in the section normal to the helix angle
(normal base pitch), parallel to the gear axis '(axial base
pitch) and perpendicular to ,the gear axis (transverse base
pitch), Fig .. 1-9. Since the gear teeth are ,equally spaced, it
becomes apparent that in erderto roll together properly,
two gears must have the same base pitch. More specifically,
two mating involute gears must have the :sarnenormal
base pilch ..

OriginaUy gears were classified and calculated beginning
with circular pitch. With the number of teeth (N) and the

.TRANSVE RSE
CIRCULAR PITCH

AXIAL PilCH

fig ..1~1-For helical gear teeth. pitch :may be me wred along .a line normal
to the gear teeth (Nomlld Cirelliill' P.iuh). in a direction perpendicular to' ,the
axis of rotation (T ~lllmleTSe CiTcuillT Pilch:).md ina direct ionparallel to the
axis ·of rotation (Axial Pitch).
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circular pitch (p) given, the circumference of !the drcleand
consequently the pitch diameter (D) can be calculated from

Nx p
D =--

'lr

For simplification, developers of gear design techniques
created a separate term for the value of 'lr divided by circular
pitch ('/rIp). This is diametral pi.tcl1. (P) Fig. 1-10whidt is the
ratio of lteethto the pitch diameter in inches. It is a number,
it cannot be seen or measured. However, 'the system
developed since the inoeption of diametral pitch is used
almost e~dusively wherever the decimal system of measur-
ing is used.

Diametral pitch regulates the proportions or size of the
gear teeth. The number of gear teeth and the diametral pitch
regulate the size of the gear. Therefore, for a known Imld to
be transmitted, the pitch is chosen which in turn determines
'the number of teeth to suit the desired ratio and size of gear.
The number of teeth di.vided by the diametral pitch pro-
duces the diameter of the gear pitch circle, fig. 1-9. The part
of the 'tooLn above the pitch circle is called the add.end.um
and the lower part dedendum, Fig. 1-11. Two addendums
added to the pitch diameter equal the outside diameter of
the gear. -

PITCH cmeliE

BASE CIRCLE

R8. I.e-BlUe Pitch and Al'Igular Pifchas defined by this drawing are im-
,Portan,lgear terms .. In order to roll together properly. involute gears must
have the same Nannal Base Pitch.

HELICAL IRACK

AXI'AL iBASE

fig. 1-9- This drawing defines Transverse Base Pitch. Nanna} Base Pitch
and AtiQ/ Base Pifl:h for a helical rack.

Pressure .angles
Pressureangles in involute gears are gener.aUy designated

by the greek letter phi (til). with subscripts to denote the
various sections and diameters of the geartooth,Fig. 1-12.
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Ag. i!.-IIl'-'~ar teeth of difffienl diamnral pitch, (u11size, 20-Deg. pressure angIe.

An involute curve is evolved from origin point A on a
base cirde. The point P ona taut line containing point B
describes the curve. The taut line is tangent to the base eircle
at point B, and normal to the iln.volute curve at P. This line
segment SF is known as the radius, of curvature of the in-
volute curve at point Pand is equal in length the arc AB.
The angle f sub tended by the arc AB is lh - roll angle of the
involute Itothe point P. The angle between OF (radius r) and
DB (base radius rJ is the pressure ,angle !p' at point F. Angle
If) between the origin OA and radius OP is the polar angle of
point F. (The polar angIe ,(J and the radius r are the polar
,coordinates of point P' on the involute curve). When given
in radians, angle 0' is known. as the involu~e function of the
pressure angle 8 and is used ,extensively in gear calculations.

OUlSIDE OIA. CIRCLE

PITCH CIRCLE

Rg .. l-11-The pertion of a gear tooth above the' pitch circle is called the
Addendum; the' portion of the tooth below the pitch circle is called the
Dedmdum.

Fla. 1-12- This drawing defines Roll Angle (El'. P.rl!ssure Angle (tJ) and
PollIl' Angle (9).

16 P

FIg. 1"13-Whm two involute teeth are brought into con tiKI and made
'tangent al a potnt P,pres5W_ a.ngle " is equal to both.

When two involut - curves are brnught together as pro-
files of gear teeth and are made tangent at a poin.t P, the
pressure angle ,9 is equal on both members, Fig. 1-13. The
line BB ' is the ,common normal passing through th .point of
contact P and is tangent to both base circles. An ,contact and
tooth action will 'take place along the common 1'\ rmal. If
one member is rotated, the involute cueves wfll slide
together and drive the other member in the opposite
direction.

The pressure angle through the point o.f contact of a pair
of involute curves is governed by r,egulating the distances
between the centers of their respective base circl ss. A gear
does not really have a pressure angle until its Involute
curved profile is brought into contact with a mating curve as
defined in Fig, 1-13. At Ithat time 'the pressure angle 6'
becomes the operating or rolling pressure angle between the
mating gears. For a given center distanc , C, and base' circle
diameters, th rolling pressure angle is determined by Ithe
expression,
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Similar to the pitch element, the pressure angles of a spur
gear are only in a plane normal to the gear axis .. In helical
gears, pressure angles are defined in three planes. The
transverse pressure angle is normal to the gear axis or
parallel to the gear face. Normal pressure angle is in the
plane or section which is normal or perpendicular to the
helix. In the plane of the gear axis the pressure angle is
termed axial. This plane is used mostly in reference to in-
volute heHcoid.s with very high helix angles such as worms
or threads,

As at point P the pressure angle at any radius greater than
the given base radius may be defined as

The-actual rolling or operating pressure angle of a pair of
gears is chosen by the designer as the most practical for his
application. Several things should be considered, among
which is the strength of the resulting tooth and its ability to
withstand the specified load. Another important item is the
rate of profile sliding, as mentioned earlier. However, the
majority of involute gears are in a standard use class which
can be made using methods and tooth proportions which
are well proven, Generally, involute gears roll at pressure
angles ranging from 14Y2° to' 30". Standard spur gears for
general use are usually made with 200 pressure angle, The
normal pressure angle of standard helical gears ranges from
14% 0 to 18ljz 0 and sometimes 20". The higher pressure
angles (25"-30") are generally used in gear pumps. In stand-
ard gears 'these pressure angles are generally (but not
always) the operating angle between mates. Usually the
given pressure angle is the same as derived from the normal
base pitch and selected normal diametral pitch, or

PfmPn
cos <P11· = --

'I'

Diametral PItch, Numbers 'of TeeLh and Pitch Circles
The number of factors which control. or are controlled by

diametral pitch would probably confound the inexperienced
gear designer .. Among these are: strength required of the
gear teeth, the number of teeth to' provide a given ratio, and
size of the pitch cirdes to satisfy center distance or space re-
quirements. H becomes obvious that pitch, number of teeth
and pitch diameters are dependent upon and regulate
each other.

Load to be transmitted by gear teeth will most certainly
dictate tooth thickness which is regulated by diametral
pitch. Choice of a pitch to handle a given load is one of the
more difficult tasks for the gear designer. The inexperienced
will probably design more than one set of gears for a given
load before finalizing the design" with the proper power
rating. Actually, there is no method of choosing a pitch in
advance which wiHcarry a given load.

Once the torque is established, tables are available to aid
in. selection of a diametral pitch. After the basic gear design
is completed, there are standard equations to "rate" the
gears with the maximum load carrying capacity, to be com-
pared against the orginai torque .. If they are then under- or
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over-designed, corrections must be made. Sometimes a
complete new design is required. Tooth load is not the only
criterion in choosing the diametral pitch and consequently
the number of teeth. v,ery often the tooth load is not a
critical factor at all and is replaced by problems of correct
speed, ratio and center distance.

Quite often when the load is small, or not even an impor-
tant factor, consideration should be given to using fine pit-
ches such as 12 to 20, or even finer. When applicable, the
fine pitch gear offers longer service, greater capacity, and
better production control. This is because there are more
teeth for a given pitch diameter with finer pitch. This means
there wiU be more teeth in mesh at any given instant and less
load on each individual tooth. Since the fine pitch gear has a
relatively shorter active profile, there is less sliding between
profiles than with coarser pitch gears. This reduces the
possibility of fatigue failure.

The diametral pitch referred to is usually the pitch of the
tool producing the gear teeth and is known as the generating
pitch. The chosen pressure angle is considered at 'the
diametral pitch, or more specifically, at the pitch diameter,
D.

o N

P

By definition, the pitch diameter is proportional to the
diametral pitch and the number of teeth, and the base
diameter is the product of the pitch diameter and cosine oi
the pressure angle, Fig. 1-14.

, 0

Fig. 1-14-Base Diameter (Db) is twice the base radius (rb) or the product of
the pitch diameter (D) and the cosine of the pressure angle (</».



In most cases a ratio controlling the amount of increase or
decrease of rotational speeds is determined before the design
ofa gear set. The center distance (r + r') is usually defined
approximately by space limitations or may be given as a
previously set dimension. Nominal rolling pitch circle
diameters can be approximated throegh use of the given
ratio and center distance. For example, if the desired ratio is
3 to 1, one pitch diameter will be three times larger than the
other. The numbers of teeth to be used in 'the gears are prod-
ucts of the pitch diameter and the chosen diarnetral pitch.

N = PH

With the number of teeth defined, the next step is the design
of the gear tooth and its mate.

I

1-
fig. I-IS-Circular space width and circular tooth thickness defined. When
dealing with these measurements, the diameter at which they are measured
must be specified.

The "Ieeth
The elements which describe and regulate the gear tooth

proportions are more or less standardized under the
diametral pitch system ..Most of the circular dimensions are
shown in Fig. 1-8 with the radial dimensions shown in Fig.
1-11. In Fig. 1-15, the tooth and space thicknesses are il-
lustrated. These dimensions may be given or calculated at
any defined diameter.

Gear teeth having involute profifes are very versatile and
adaptable to the many variations that may be required, A
large percentage of involute gears have standard. 'teeth.

fig. 1-16-Pracl.ical gear teeth usually are thinned to provide a certain
amount of &zcklllSh .(IJ) to' prevent tooth interference under the worst condi-
tions of manufactUring tolerances and expansion due to t~mperalure in-
crease,

Standard toothed gears generally run in matin;g pairs on
standard center distance, usually with the teeth thinned tor
backlash, Fig. 1-16. This backlash is essentially an angle,
measurable in various ways and very necessary in any pair
of mating gears. It must be sulflcient to permit the gears to
turn freely under the worst conditions of manufacturing
tolerances and 'temperature variations. The amount ,of
backlash used must be regulated and controlled within prac-
tical limits. It is possible Ito have too much backlash. This
could be detrimental to the operation of the gear train.
Basically, backlash is a factor in determining the Final
thickness of the gear tooth .. In standard gears, the tooth
thickness of one gear of a pair is determined by subtracting
one half of the total desired backlash from one hall of the
circular pitch:

P
2

.B
2

t =

There are a few applications which call for no backlash.
In these cases, 'the other dimensional elements must be held
to extremely dose tolerances. The required backlash
depends upon where, when and how the gear set wi)] be
used. For example, in cases of tooth deflection due to heavy
loading, or when extreme Itempera'ture variations are pre-
sent, the amount of backlash required must be determined
from 'experience. For genera] application, tables recom-
mending backlash limits with reference to diametral pitch
are available in AGMA standards and many other texts.

The whole depth oj tooth. Fig .. 1-11, must provide suffi-
cient clearance for the tip of the mating tooth to swing
through and make proper flank contact. Corners at the bot-
tom, or root, of the tooth space are rounded rather than
sharp. Depending on the method of manufacture, the
rounding can be a true radius or a trochoid-type curve
tangent to both flank and rootof the tooth space. This
rounding is usuaUy expressed as mot ,comer radius or more
specifically as root corner fillet.

The expression D + f is sometimes used when referring to
the whole depth of gear teeth. The 'term has an early begin-
ningand, for a considerable length of time, was the expres-
sion for whole depth of tooth. It was originally derived from
the sum of working depth, D, and the desired. root fillet, f.
Fig. 1-17. Since the mating teeth make 'contact somewhat
above the working depth circle, this method of obtaining
the whole depth assured clearance between the mating tooth

.Fig. 1-1'1-WhD1e Depth (D + fl is thesu_ffl of wQi)dng ~plh and roof fum
de-pth.
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tip and the mot fillet The working depth is flexible and
changeable within certain limits to be discussed later, With
these two determinants, it was a simple matter to obtain a
practical. whole depth of tooth which allowed mating gears
to rotate freely. The term D + f is specified on most gear
cutting tools to define the depth of tooth which win be pro-
duced by the tool when the tooth thickness of the gear is
one-hall the circular pitch.

Despite use of the term, D + I. whole depth remains ad-
dendum plus dedundum becaese the root fillet is part of the
dedendum. However, with new innovations in manufacture
and fjnishjng of gear teeth, the establishment of whole depth
has become more complicated in some instances.

Rack Teeth and. t.he Basic Rack
An involute gear withan inlinite pitch diameter will have

straight profiles angled at the chosen pressure angle, Fig.
1-18. Such teeth are known as rack teeth and when several
are put together in an elongated toothed member it is known
as a gear rack, The rack teeth has the same properties as a
gear tooth with the involute curve for its profile ..Gear racks
are driven by cylindrical involute gears and are used exten-
sivel.y throughout general industry.

The basic rack tooth is a special case of the involU'te rack
tooth form. Generally, it defines the basis fora. system or
family of involute gears. The general tooth proportions of
the basic rack show the standard design conditions of the
system defined ..Any involute gear of the basic rack system
should be designed to roll freely with the basic rack,
regardless of modification. :50' that it can also roll freely with
any other gear of the same system, Fig. 1-19.

By definition,a tangent to any curve is perpendicular to
the radius of curvatureat the point of contact. Therefore, as
shown in Fig. 1-20, the involute curve from a base circle is
generated by tangents and radii ·of curvature. Accordingly,
if the profile of the basic rack tooth is considered tangentte
an involute curve from the base circle, it becomes the
generator of an involute gear with a given number of teeth,
Fig, 1-20. A cutting too], wi.th 'teeth in the f.orm of the basic
rackand used to producegea:r Iteeth from a solid blank, is a
hob, Fig. 1-21.

The generating action of a hob, as described previously, is
unique in that as long as the base pitch (Pb)' :is maintained
(see Fig. 1-19), any number of pitch and pressure angle com-
binations will produce the same gear tooth. However, the

Ag. I-IS-An involute tooth form gear of infinite pitch di meter is called iii

Rack. The teeth have straight sides. whose angIe ~uals the' chosen pressure
i!ngl'e.
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:Fig. 1-19-Since a circular involute gear is designed 10 the same parameters
as the basic rack, II will roll freely with the basic rack and with any other
circular gear using the same d ignqr5lem.

BASE CIRCLE
b

Fig. :I.-20'-An involute curve may be generated by a series of tangents, .11'.
Therefore, if the profile of th baslcrack tooth is considered to be tangent to
an involute curve from a base circle, the rack becomes the generator of an
involute gear with a given number of teeth. b.

large majority of bobs are standard gen.erating with respect
to the gears they produce. By this is meant that the gear
generating pitch diameter (sometimes 'called theoreHcal) is
obtained by dividLng the number of gear teeth by the hob
diametral pitch, and the pressure angle of the hob becomes
the generating pressure angle of the gear.
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Fig. l-2:1-A tool with teeth in basic rack form. whkh cuts gear teeth from a solid blank. is a hob. Details of a typical hob f,or productton
of lnvolure tooth form gears are' 'shown here,

Roots and Fillets
The gear root comer fillet is part of atrceholdal curve,

generated by the corner of the hob tooth which is generally
rounded. It is not practical to have a sharp comer on a hob
tooth. first, the root fillet produced will be the very
minimum and second" the comer will wear away-produc-
i.ng an inconsistent and unknown root fillet.. In many cases,
the root fillet produced by a standard tip comer radius of
approxjmately H20 of normal, circular pitch would suffice.
Very often the load Ito be carried by the gear teeth wiU die-
tate the type and size 'of root fillet. Therefore, the gear
desigper should be aware of his control over the profile and
root conditions to be produced in gears of his design,

One of the more common methods of root fillet control is
the use ofshorMead (sometimes called short"PUch) hobs ..
The term, short-pitch, describes and defines 'both tool. and
process. Linear lead and pitch of a hob (or rack) ate one and
the same as circular pitch of a cylindrical gear. Therefore,
the reference short-lead indicates a smaller pitch. In order to
maintain the base pitch,. see Fig. 1-19, it is necessary to
reduce the p[\essure angle accordingly. The differ1!nce in roll-
mg diameters between standard generating and short lead is
shown. in fig. 1~22.

The advantage of short-lead hobs is in the shape of the
root corner fillets produced in the gear tooth space ..A very
important factor in gear tooth design is control of the root
fillet tiLngent point inrelation to the lower end of the active
profile on the tooth flank, Since the tooth to.rm is not
altered, the short-lead hob allows the designer ,to relate root
fillet magnitude with the whole depth and beam strength of

the tooth. It is obvious that the closer to the center of the
hob tip radius one moves the gen.erati~g pressure angle, the
closer the hob tip wlll come to reproducing, itself, and the
root fillet tangency approaches its lowest point of contact.
However, there are limiting factors.

The hobbing tool. designers contend that the lowest prac-
tical generating pressure .angle for a hob is approximately 12
deg, for purposes of both manufacture and use. As U'-
pressure angle of the hob is reduced, the tool has a tendency
to undercut the gear tooth flank. This undercut can become
excessive on smaller numbers o.f teeth and is a problem. for
the gear designer. He must decide the importanoe of the root
fillet condition to his design ..

It is possible to use hobs rolling at pressure angles greater
than the theoretical pressure angle of the gear. Such hobs are
known as long-lead and their effect on the root fillet shape is
opposite tha.t of the short-lead type. However, since condi-
tions requiring; the use of long-lead hobs are unusual, they
are seldom used.

As higher performance is demanded of gears, the shape of
'the entire gear root space, not just the fillet alone. has
become more and more important. Relative posi.tion of the'
gear root fillet with respect to the form diameter is a eritlcal
factor in the load carrying capacity of the gear and is also
most importantto the rolling conditions with its mate and
with the finishing shavLn,g cutter, *

•The comments here and in the next four paragraphs apply to other Iypes ,or
gear finishing tools as well as to shaving cutters.

JlJne-JlJly 1984 ]:7



As mentioned previously, the hobbed or shapercut root
fillet is a generated curve in the trochoid family. Although
often very dose, it is not part of a true circle, Shaper cutters
produce higher fillets than hobs for the same depth of tooth.
Consequently, it is usually necessary to cut shaper-cut gears
deeper than hobbed gears to maintain a good relationship
between profile form and fillet diameters.

Root fillets should never extend above the form diameter.
The shaving cutter must finish the gear profile for the
desired length without contacting the gear root fillet, Fig.
1-23. Therefore, gear designers must regulate form diameter,
root fillet shape, and root diameter of the tooth for ease of
manufacture and satisfactory performance while allowing
for the required load.

STANDARD HOB TEETH

GEAR TEETH

GEAR TEETH
b

Fig. 1-22-The difference in rolling diameters for Strmdard Generating, tI,

and Short Lead hobs, b.
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Fig'.1-23- When gear teeth are to be finished by shaving, teeth must be cut
to allow for this as shown.
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Fig. 1-24-Tooth fonn of preshavirtg hob. If full rounded root fillets are
desired, additional whole depth becomes necessary.

The form diameter, as defined, is the lowest point on the
gear tooth where the desired profile is to start. Often re-
ferred to as TIF (true involute form), it can also be
represented in degrees roll or inches along the line of action.
It is an important control point on the gear profile. Some
establish the form diameter at the point of actual. mating
gearcontact and others choose an arbitrary distance below
the actual start of active profile. From a practical stand-
point, the extension of the active profile should be determ-
ined by the extreme tolerances of center distance, mating
gear outside diameter, size and runout.

In determining the actual whole depth and foot fillet
shape, the designer must consider the load which the tooth
is to bear. These whole depths are based on the use of
preshaving hobs and shaper cutters with a standard tip
radius of 1/20 of the normal circular pitch.

If full rounded root fillets are desired, additional whole
depth becomes necessary. It is advisable to maintain the
same length of profile portions on the preshaving tool and
determine the size of tip radius and extra depth from that
point as indicated in Fig. 1-24. In this manner, the same
amount of profile between form and fillet diameters is
available for shaving cutter contact. When the designer
must establish the fillet diameter at the maximum possible
point because of load carrying demands, depending on the
diametral pitch, a radial amount of 0.020/0.040 in. below
the form diameter can be used safely.

During the shaving operation a small amount of material
is removed from the gear tooth thickness. If the profile in the
vicinity of the fillet diameter is not relieved in any manner, a
step in the tooth flank will result, Fig. 1-25.. This step,
caused by the shaving cutter digging in, is detrimental to
shaving action, It not only causes excessive wear of the
shaving cutter teeth, but also affects the accuracy of the
shaved profile, Thus, some amount of undercut must be
provided to minimize the shaving cutter contact with the
gear tooth flank.

The basic problem is to move the H11etand a short portion
of tooth profile out of the path of the shaving cutter tip, In
some cases with small numbers of teeth, a natural undercut-
ting of the tooth flank occurs. Sometimes this will provide
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CUTTIERliP'

\ I
;(

I
I

I
I

\
\

SHAVING STOCK

I
I
I
\
\

"
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FIg. 1-25-A step in Ihe gear tooth flank will result if the profile in the
vicinity of the fillet diameler is not relieved in any way. -

sufficient clearance. However, since naturalundercut only
occurs in specific cases, the necessary clearance must usuaUy
be provided by other means.

By putting a high point or protuberance on the flank of
the preshaving tool tooth at the tip, a controlled undercut
can be generated into the lower gear profile, The magnitude
and shape of the undercut portion can be regulated by alter-
ing the amount of protuberance, tool tip radius, the total
length of the protuberance sectionand/or the rolling
pressure angle of the tool. Without control, profile undercut
can be detrimental. to the basic tooth form of the gear. H it is
allowed to run up too high on the profile, it could cut away

profile needed to maintain involute contact ratio with its
mate. On the other hand, it might be so low that it cannot
be reached by the sha.ving cutter and, therefore, serve no
useful purpose.

Natural undercut, usually occurring in small pinions, can
be controlledto some extent by changing the tool tip radius
or by designing the pinion oversize from standard proper-
tions, However, with the protuberance type tool full control
·of a profile undercut can be maintained.

Theoretically, the protuberance type tool. should be
designed for a specific gear and in accordance with the
number of teeth. This becomes impractical when one desires
to use the least number of tools for a range of gears with
varying numbers of teeth.

Generally, the amount of undercut should be from 0.0005
to 0.0010 in. greater than the shaving stock bei:ng removed
from each flank of the gear tooth. [E the gear tooth flank is
to be crown shaved, the depth of undercut should bein-
creased by the amount of crown specified tor each sideof
the tooth. The position of the undercut should be such that
its upper margin meets 'the involute profile surface at ill point
below its form diameter .. Sometimes, it is not possible Ito
construcra preshave tool tooth from which will keep all.
generated undercut below this profile control point. In such
cases, it is permissible to' allow the tool to undercut the
preshaved profile slightly above the fo.rm diameter, pro-
viding at least 0 ..0005 in. of stock is left for removal by the
shaving cutter, see Fig. 1.:26. However, any amount of pro-
file removed by undercuUing will reduce the involute
overlap with the shaving cutter. For best control of gear
tooth prcfile form, tooth contact ratio with the shaving cut-
Iter should never be less than 1.0 (preferably 1.2). Since the
'tip radius and high point of the preshave too] determine the
fiIlet diameter and the height of undercut, it is sometimes
possible to use slightly larger root fillets ..

POINT OF INTERSECTION
OF PRE·SHAVIED PROFilE
WITH PROTUBERANCE UNDERCUT

.0005/ GREATEA THAN SHAVING STOCK.
/.001 [DEPENDING ON DIA. PITCHt I'

1-

SHAVING STOCK-EACH' SIDE-

PITCHI
DIAMETER

POINT OF MAXIMUM UNDEACUT '
{MAXIMUM HEIGHT OF AOOT FILLETt I

ROOT FILLET TYPICAL PAOTUB'EAANCE TYPE
AS GENE'RATEO BY IPRE-SHAVINGTOOL BASIC HOB TOOTH FORM

Fl(!. 1-Z6-'Undernu produced by a protuberance hob and. the basic hob tooth form.
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Fig. 1-27=Constracnon of, a, the master involute profilevand, b', the
pressure angle curve.

When considering the root fillet area of the gear tooth
space, it is advisable to simulate as closely as possible the
conditions which will be prevalent in the gear. Some of the
elements are readily calculable, such as: fillet diameter (or
SRP) from a given preshave tool tip radius; the reverse
calculation of a tool tip radius needed to prodace a.desired
fill.etheight above a given root diameter, and the necessary
increase in gear dedendum when changing from a corner
radius to a full tip radius on the tool. However, proper
analysis and study of the root fillet shape and capabilities
can only be achieved by simulating the actual generated
condition on the drawing board or in a 'computer,

Computer users can program the rolling action of hob or
shaper Cutter and receive results in approximately the same
amount of time. However, by graphic or layout method, the
shaper cutter presents more of at problem than the hob.
Since the hob is the most prevalent of all preshaving tools, a
graphic method of generating the root filletarea of gear
teeth with or without the use of protuberance will be
detailed.

These layouts can be made on an average size drafting
board at. scales of 50 to 150.times size..Scales of the layouts
are limited only by normal diametral pitch and gear base
diameter.
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Generating Gear Root Fillets
First step is to make a master profile chart on some

transparent material. The chart has a master involute profile
curve which is laid out by means of rectangular co-ord-
inates. The base circle diameter must be large enough to
produce desirable scales for the sizes of gears being used.
The scale of the layout is determined by the ratio of the base
circle diameters of the master profile and the work gear.
Depending upon the scale desired, a single master i.nvolute
profile could be used for a number of rolling layouts.

In addition to the master involute curve, the master pro-
file chart has opposing involute curves radiating from the
original involute curve. These curves represent the loci of
the pitch point between the profiles of the gear teeth and the
generating tools. Their number, position, and points of
origin are determined by the various pressure angles of the
tools to be rolled out.

The master profile chart also has a series of straight lines
which are tangent to both convolutions of the involute
curve. These lines represent the position of the side or pro-
file of the generating hob or ra.ck tooth cutter at the various
degrees of pitch diameter roll.

The second step in the graphical method is to layout the
profile of the hob or rack tooth cutter on transparent
materia] to the proper scale...

To layout a fillet, a copy of the master profllechart is
made on a white background. Then, the hob layout is laid
over the master profile in various generating positions, and
the fillet generated by pricking the master profile chart
print, A line connecting these prick points on the print gives
the true generated root fillet.

Mas~erP'rome Chart layout
In the development of the initial master involute profile,

Fig. 1-27a, iit is best to' choose a.base radius which will pro-
vide a fair enlargement of the tooth profiles in general use.
The X and Yaxesare laid off on transparent material. The
intersection point 0 is the origin of the involute curve lying
'on the circumference of the base circle radius, rb, The
general equations for the involute curve are:

y = cos e + e sin E; X = sin € - € cos e

where E is the roll angle for various points on the curve. By
using a. series of roll angles starting from 0 degrees, values
for x and y (basic co-ordinates) may be tabulated ..Tables 0.£
these rectangular co-ordinates, covering a wide range of roll
angles, have been published. Subsequentco-ordlnates of
points on the curve are determined by the product of the
chosen base radius and the values of the ce-ordinates for the
various roll angles:

Y' = Y" (cos E' + E' sin.e' - 1)
x' = r" (sin €' - E' cos E ' )

Sufficient points are calculated to form an accurate curve,
which represents the involute profile of a gear tooth from
the base radius.

In .Fig, 1-2'7b, the origin of the X and Y axes for the
pressure angle curve lies at point P on the master profile. To,



establish point. P, the new Y axis is drawn through point 2
on Ithe original X axis at an angle (J from the original axis.
The intersection of this new Yaxis and the master profile
curve is point P. Therefore,

arc (J = inv () = tan. () - arc fJ
02 = rb tan fJ

where 0 is the pressure angle of the hob used in generating
the gear tooth form. The new X axis is drawn perpendicular
to the new Y axis through point P.

The radius r to the point P becomes the base radius of the
pressure angle curve which is of involute form and opposed
Ito the curve of the master profile. Radius r is determined
Ithrough use of the master profile base radius and the chosen
pries5ure angle:

r"
cos (J

Substituting r for rb in the equations for Y' and X' and
using the same roll angles and basic co-ordinatesas used for
the master involute, the co-ordinates for the points on the
pressure angle curv'e are calculated and plotted. Subsequent
curves are established and plotted through the use ,ofvarious
pressure angles.

The straight lines shown in Fig. 1-28 are the control lines
representing the straight side or profile of the hob tooth
generating the gear tooth form. They are drawn tangent to
the master involute profile and intersect all pressure angle
curves. Their number depends only upon the desired ac-
curacy of the gear fillet layout and their position relative to
the origi~aliY axis is of no consequen.ce. Since the flank of a
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Rg~1-28-Cantrol, lines. representing. positions of stralght side ,of hob in
genera:tioR of gear Itooth Ierm.

hob tooth is always tangent to the profile of thegenerated
gear tooth, it is important that these straight lines are always
tangent to the master involute profile,

The steps illustrated in figs. 1~.2."to 1-29 complete the in-
volute profile chart. Actual. generating layout work is done
on prints of the chart, not on the original drawing. In this
manner, gears of different diametral pitches and pr,e5SUI1l!
angles may be generated on the same form, The scale of
each layout is determined by 'the ratio of 'the base radius of
the master in.volute form and the base radius of the gear to
be generated:

5 =

where 5 is the layout scale, rn is the base radius of the master
layout, and r&Gis the base radius of the gear. The scale is
used Ito determine the dimensions of the hob p.rofile whi.ch
generates the gear tooth fillet and undercut. The height of
the fillet and undercut is then reconverted to a radial
distance above the gear base circle.

Hob Tooth Layoul
The hob tooth form is laid out as shown in Fig. 1~29.This

layout is made on transparent paper using the scale
calculated from the equation of .5. Construction lines KK,
MM and NN are laid off first. The distance a is the radlal
dedendum of the gear tooth space from the pitch radius r to
the desired or produced root radius r,:

a = r -'r
Point P' is the pitch point on the hob profile which coin-

K

a

HOB PROFILE

N--

K PROTUBiERANCE
-HIGH-POINT

DISTANCE

fiB.l~29-Hob tooth profile.
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cides with point P on the master profile. A line representing
the main profile of the hob is laid off through P' at pressure
angle If> to. line KK and extending to the tip of the tooth 'on
line NN, The amount of protuberance high point is
measured-off parallel to the hob profile, and the desired tip
radius of the hob is laid-in tangent to the distance c and the
construction line NN. The approach to the protuberance is
made tangent to tip radius rR at point T and intersecting the
hob profile at point S. The distance 14 to the start or ap-
proach is usuallygiven on hob tool prints supplied by the
venders. However, 5 degrees is a good approximation of the
angle a for the approach. Points P', S, T and R are encircled
.for future use .. In order to regulate or control. the amount
and position of undercut produced, it may be necessary to
change the HI' radius, protuberanea.nd points of intersection
several times before completing a satisfactory tooth form ..

When no protuberance formed under cut is desired, it is
only necessary to make the Up radius tangent to' the tip and
profile of the hob. Then point T will lie on the hob profile
and point 5 w:ill cease to exist.
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OF GENERATED FILLET

ROOT OF TOOTH SHAPE

Ag. I-3D-Generation of root fillet by hob protuberance.

Using the Ma.sberProfiJe
For most efficient use, prints or duplications of the master

profile chart should be of the type which show the lines of
the layout on a white background. Then as shown in Fig.
1~30, the layout of the hob is laid over the master profile
with point P' on the hob profile directly over P on the
master profile and with the main profile of the hob coinci-
dent with the initial control lineb which is tangent. to the
profile at point P. Using the point of a pricker, point P' is
aIIigned with Pas perfectly as possible and then points S, T
and R on the hob form are punched through to the print
below. A compass set to the scaled tip radius of the hob is
centered at the transferred point R and the radius is in-
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scribed through the transferred point T. Points S and T are
joined by at straight line. In all 'cases, point 5 should fall on a
control line coinciding with the main profile of the hob.
Subsequent positions of the hob tip are determined by the
same procedure, using 'the intersection points between the
control lines and the pressure angel curve for locating P'· ..As
P' proceeds along the pressure angle curve, the fillet and the
undercut are fanned to the root of the gearspace by the hob
tip radius, protuberance and approach ..

Modifications of StandMd Gear Tooth Forms
Quite often gears with teeth of standard proportions are

either m-su:ited or inadequate for the purpose intended. The
versatilityef the involute system makes it applicable in such
cases ..As long as a few basic rules are observed, the possible
types of modified tooth forms are quite extensive ..

Stud Tooth Gears
One .of the most common types is the Stub l'ooth form.

This tooth form differs, from the standard type in tooth
depth, Fig. 1-31. The shorter height makes a stronger tooth
and minimizes undercut produced in small pmions, How-
ever, the length of contact between mating gears is short-
ened, which tends to offset the increase in tooth strength as
well as raise the noise level of running gears.

The actual amount of reduction in tooth height depends
upon 'the gear application and has definite limits. The length
of the line of contact should never be less than one base
pitch long. This, of course, is to maintain continucus action
from tooth to tooth. Through experience, development and
use, several standard stub tooth form systems have been
established. Among these are: American Standard
20-Degree, Fellows Stuh-Tooth and the Nuttall Stub-Tooth
systems, These standard systems all have definite formulas
for arriv.ingat tooth proportions, They are very well defined
in AGMA Standards,. Machinery's Handbook and other
texts.

A special case of stub tooth design is in its use as non-
running involute spline teeth. Involute splines have max-
imum strength at the base; they can be accurately spaced
and are seIf-centering which equalizes the bearing and
stresses. The teeth can be measured and fitted accurately.
Normally the tooth height is standardized at 50% of that
based on the diametral pitch, For example, a 5 diametral
pitch spline tooth would have a 10 pitch addendum and
whole depth. Usually the pressure angle is 30 deg. However,
this is net mandatory and quite often is changed to suit
design conveniences. lnvoltuespline teeth may be either
helical or spur.

Fig. 1-3l!-Stub Teeth (solid line) <Ireshorter than Standard Teeth (dashed
[inel.They are stronger and minimize undercut In small pinions.
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Fig. 1-31-&1 nded Addendum Gears (solid liae) have longer period of
contact 10 provide a smootherroll between adjacent mating teeth.

Extended, Addendum, Gears
Sometimes it is desirable to have the maximum possible

length of contact between mating gears, The reasons for
gear designs of this type are spedaliz:edand will vary with
'each application. However, when properly designed and ac-
curately manufactured, it can be assumed that the longer
period of contact will provide a smoother roU between adia-
'~ent mating teeth.

Normally, gears of this type are designed to roll on stand-
ard center distance with standard tooth thickness and
backlash requirements ..,The exception to fun standard tooth
proportions is the extended addendum on both mating.
gears, This results in a longer radial working depth which
requires lower root diameters. see Fig. 1-32. The le.ngth of
the addendum is limited by the minimum allowable top land
,of the tooth and loss ofbeam strength due to the tooth
length and possible undercut of the tooth Rank.

Lang, and Sho,rt Addendum Gears
Occasionally at design will require agear set wherein one

member is considerably smaller than the other, If the tooth
proportions are made standard. root fmet conditions pro-
duced in the small pinion and mating gear contacts may

PITCH DIAMETER

E>iiCESSIVE UNDERCUT
OF PINION PROFilE

INIEfFECTIVE PORTION
OF THE MATIING GEAR TOOTH

STANDARD GEARS

Hg. 1-33-A pair of mating gei!IS with the standard outside diameter of the
larger member extending below the limit of the involute profile of the
pinjon.

PITCH DIAMETER

lONG AND SHORT
ADDENDUM GEARS

Fig. toM-Long and Sltort Addendum Gears minimize the problems where
the pinion is very mall compared to the mating gear.

result in a poorly operating set of gears. As an example. Fig.
1-33 shows a pair of mating gears with the standard outside
diameter of the larger member extended beyond the limit of
the involute curved profile of the pinion. Since all profile ac-
tion stops at the base circle, the mating gear addendum 'ex-
tending beyond the line of action represents a loss of contact
between. mates. Further, if the root of the pinion flank had
not been excessively undercut, thus weakening the tooth,
the mating gear tip would have found fiHet meta) as in-
terferenee to its troehoidal sweep. The long and. ShoJ'it
Addendum Method was devised -to alleviate this type of
situation.

Normally, the method is applied after a gear set is already
designed as standard attd the undesirablecondldons have
been discovered, The pinion outside diameter can be in-
creased (long addendum). and the gear outside diameter
decreased (short addendum) by an equal amount •. so that
the numbers of teeth, ratio, standard working depth and
center distance remain unchanged, see Fig. 1-34.

Dependent on 'the pressure angle and the numbers of
teeth, the amount of diameter revision can be varied.
Limiting factors include the minimum acceptable top land
on the pinion tooth. excessive profile sliding and the beam
strength requirements for the gear. These design items must
be checked after the preliminary tooth proportions have
been established.

The actual amount of profile shift. as it is known. can be
determined in various ways, induding an outright guess.
However, there aile more exact methods ..The difference be-
tween this new outside diameter and the original standard
design divided by two is the profile shift. An approximate
maximum shift would be one-half of standard addendum
for the given diametral pitch. In any event, changing the
diameters by two times the profile 6h1£tresults in an oversize
(long addendum) pinion and an undersize (short addendum).
gear compared with the original standard units, Couse-
quently, it becomes necessary to revise the teeth
thicknesses,
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Fig.. 1-3S-Long ad<1endum pinion showing pro.£iJe shi.£t.

Consider the basic rack tooth and its relationship to the
gear 'tooth space. When the rack (hob) tooth is fed radially
in towards the gear center a thinner gear tooth results. If the
rack tooth is pulled out away from the center, the gear tooth
becomes thicker, Fig. 1-3S.

Therefore,

4J
2

= Profile Shift x Tangent <P

Pinion tooth thickness
p B

tp = -+ (4t)--
.2 2

p .B
- tc = --(~O--

Z 2
Gear tooth thickness

These calculations can. be used for both spur and helical
gears ..In helical gears, the dimensions used are normal to the
helix angle at the gener.ating pitch diameter.

The preceding equations and discussions are based on
maintaining standard center distance, where the generating
pitch diameters are the actual roUing pitch diameters.
Therefore, the calculations for the tooth thicknesses are
both simple and exact.

Non-Standard. Center Distance Gears
Sometimes it is, necessary to operate a pair of gears on

center distances other than standard. Although the involute
gear system lends itself readily to either an. increased or
decreased center distance, it is usually more expedient to
consider a center distance greater 'than standard fora more
,efficient gear set from the previous discussion, it is obvious
that to' operate on a spread center distance, the gear teeth
themselves can no' longer be standard and must be speciaUy
computed. The calculations involved are a little more
tedious than those for IOIlg and short addendum gears, but
they are not difficult.
Equations are alsolavailable for obtaining the outside
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diamerers, size control and other dimensions necessary to
complete the gear set design.

Over- and under-sized gear designs of this type are quite
common. In the speed reducer and automotive transmission
fields,. it is much more expedient to change the design of the
gear teeth for a ratio change than to incur the larger tooling
cost for changing the gear housing center distance.

This ability, to modify physically the shape of the teeth.
and still have an ,efficiently operating gear set, is one of the
tremendous assets of the involute gear system.

lnrernall Gear Teeth
Until now, the discussion has dealt exclUSively with

external-type gears where the teeth protrude outwardly
from a cylindrical body and have convexly curved profiles ..
The counterpart to the external is the internal gear where the
teeth protrude inwardly from the inside diameter of a ring,
Fig .. 1-36. Similar to external-type gears, intemalgears can
heave almost any tooth shape as long as it will roll con-
tinuously with or conform to the mating tooth profile. Inter-
nal gearsare largely used in reduction gear trains and as
spline teeth in non-running units.

Involute internal gear teeth have concave curved pr,ofiles.
Theoretically, an. exrernaland internal gear with the same
number of teeth and tooth proportions would conform ex-
actly, except for root clearances. Internal gears, with in-
volute curve profiles, have the same basic fundamentals as
the externals. In. some of the equations, it win be necessary
to subtract instead of adding. However, the same forms and
modifications used with external gears may be used with in-
temalgears ..

MAJOR DIA.
(ROOir DIA.l

Rg.I-36-Intemalgear teeth protrude inwardly from.lh.e inside diameter ,of
II ring.

Modification of I:ooth Profile and. Lead
Quite ofeen errors in manufacture, deflections of mount-

ings, deflections of teeth under load, and distortion of
materials in heat treatment all combine to prevent the at-
tainment of true involute contact between mating teeth.
Besides contributing to objectionable noise, these unde-
sirable meshing conditions are inefficient and lead to
premature failure of the 'teeth. Some of these factors are il-
lustrated in Fig. 1-37.
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Fig. 1·,)8-(r-ownOO gear teeth minimize the 'Wldesirabl effects 0 depar-
tures from theoretical 'tooth form.

Normally the errors are discovered aliter design and
manufacture of the prototype or initia[ ]otof gears.
Modifications are then developed to suit Ithe conditions.
Sometimes the designer may be experienced enough to
predict, at least approximately, the distortions to take place'
and, from his experience, be able to order initial modifica-
tions.

CONTACT AT REAR

Fig. 1l.-3J-Certain undesirable :meshin3 conditions lead topremarure faill.!l"e
of g~r leeth. Some of these are shown here.

Te alleviate and minimize the effect of these errors, the
profiles and leads of the gear teeth are modified, The
modifications are departures &om. the true theoretical form
and designed to offset the undesirable contacts caused by the
original! errors, Fig. 1-38,.
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